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ADVERTISEMENT. 



As the following Treatise is intended for the use of 
Students in the University, their interest and con- 
venience have been exclusively considered in drawing 
it up. It consists of two parts : — ^the object of the 
first is the detail of the principles of a general Theory 
of sines, and the application of these principles to the 
resolution of plane and spherical triangles ; that of 
the second, the continuation of this Theory, and its 
applications to the higher departments of Analytic 
Science. Both parts are handled merely in a Theo- 
retical point of view ; numerical practice we have 
almost totally excluded; it can be had in abundance 
from the instructions prefixed to the Trigonometrical 
Tables in common use, and unless the reader be for- 
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IV ADVERTISEMENT. 

nished with such tables, any set of numerical examples 
would be useless. 

The Treatise of Professor Woodhouse, which has 
heretofore served as a text book to the Students of 
our University, though excellent as a practical sys- 
tem, is very badly calculated to teach the .principles 
of the science ; the method is indirect and unnatural, 
chiefly in consequence of his deducing the Theory of 
sines from the triangle, which ought to have been 
deduced from the circle ; on the higher applications, 
his work is exceedingly limited and incomplete : to 
remedy these inconveniencies, and to produce a Trea- 
tise more adapted to the Examinations of the Dublin 
University, have been the Author's earnest endea- 
vours: how far he has succeeded, he now leaves it to 
the reader to decide, requesting, at , the same time, 
his indulgence for the imperfections necessarily at- 
tendant on a first, and much interrupted publication. 



Trinity College, 
May, 2d, 1825. 
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PART I. 



CHAP. I. 



DEFINITIONS AND PRINCIPLES. — ON THE DIVISIONS OF THE 
CIRCLE, &C. 

Art. 1. Let it be assumed that any arc of a circle is' less than 
the sum of the tangents to its extreme points, and greater than its 
chord. It follows from this, that the perimeter of the circum- 
scribed polygon is always greater, and that of the inscribed poly- 
gon less than that of the circle, however the number of sides be 
multiplied. 

2. If a ri^ht line be drawn cutting the sides of a triangle in any^ 
way above tlie base and below the vertical angle, the sum of the 
sides is ^ater than the sum of the segments towards the base to* 
gether with the drawn line. 

3. Hence by drawing tangents or chords to the middle points 
of the intercepted arcs, Uie number of the sides of the inscribed or 
circumscribed polygons is doubled, but their perimeters are made to 
approach nearer to that of the circle. If this bisection be con- 
tinued indefinitely the perimeters of the polygons can be made to 
differ from each other, and .*. a fortiori from that of the circle, by 
a quantity less than any assignable. 

4. The inscribed or c ircumscribed regular polygons of two cir- 
cles have their perimeters to each other (componenao) as the radii 
of the circles. Hence we can prove that the circumferences of 
circles are to each other as their radii. For let (7, C\ be the cir- 
cumferences, and r, r', the radii; then if possible let r : r' : : C: C* + J; 
let Py P*, be the perimeters of the circumscribed polygons at the 



time that P is nearer to C than by the quantity >, then C:C + 
> : : P: P', but P' is less than C + i .•. P is less than C, which is 
absurd. Again let, if possible, rir' :: C: C — >, and let /?, y be 
the perimeters of the inscribed polygons at the time that J^* is nearer 
to C" than by >, then C : C — > : ! p : jp', but j/ is greater than 
C — ^ .'.^ is greater than C which is absurd. Hence r: r^ : i C: C. 

If r' = 1, it is agreed to denote C" by the character 2*. By the 
above proportion, we obtain thus 6^ = 2 «■ ;*, or the perimeter of a 
circle whose radius is r in terms of that of the circle whose radius 
is unity. The numerical value of w is not capable of being com- 
puted in finite terms ; and indeed is not easily to be computed even 
by approximation. As a sufficiently near value let us take w = 
3,14159. 

5. Angles A^ A' in different circles, are to each other directly as 
the arcs a, a' that subtend them, and inversely as the radii of the 
circles. For 

^6. In the same circle A : A^ : : a : a\ the angles are therefore 
measured by the arcs that subtend them. In Trigonometry, how* 
ever, the computation of angles is carried on by means of certain 
right lines drawn in and about the circle, which lines are not direct 
measures of the angles as the arcs are, but from which the angles 
«an be deduced. 

A Theoretical connection between such lines and their respective 
arcs or angles, the reader will find in the sequel ; a practic(d con- 
nection is afforded the computist by registered tables, in which the 
respectivie values of each are to be found in terms of the other. 

7. These lines are denominated sine^ tangent^ secant^ &c. ; which 
we shall now proceed to describe. 

The sine^ is the perpendicular from one extremity of an arc on 
the radius passing through the other extremity. 

The tangent^ is the portion of the touching line through one ex- 
tremity of an arc, intercepted by the produced radius through the 
other extremity. 

The produced radiufT to meet the touching line is called the 
secant. 



3 
The chord of an are, is the line joining its extremities. 

The complement of an arc, is the difference between the arc and 
a quadrant The supplement^ the difference between the arc and 
two quadrants. 

The sine of the complement, or distance between the centre and 
foot of the sine, is called the cosine^ 

The versedrsine is the difference of radius and cosine. 

The cotangent is the tangent of the complement. 

Thie cosecant is the secant of the complement. 

In (Fig. !•) taking a circle with a radius CAzzR, and drawing 
through V two lines ; one AD from right to left, and the other 
BE from top to bottom at right angles to it; it is agreed to count 
all arcs from A around the circle in the direction ABDE. 

Assuming then any arc Am, which we shall denote by the cha- 
racter A; Ifstting fall the perpendicular Mn^ drawing a tangent at 
A and producing the radius to meet the tangent at v^ we have^ 
(using the language of Trigonometry), 

Mn z=.%m A n C ^ cos A 

Av == tan ^ Bt/ = cot A 

nA = vers-sin A Bo =: co-vers-sin A 

Cv =: sec ^ Cv* = co-sec A 

The line n D is sometimes denoted by the character Su^y^v- 
sin A. 

8. Several simple relations between those lines may be had ob- 
viously from the Fig. viz, such as the following: 

l^ B* = sin M + cos M. 

20 By the sim. As vAQ CBdy tan ^ : JB : : i? : cot A, .\ 

cot A 

3° vAijR :: sm ^ : cos A. .•. tan ^ = JB. :*. and also 

' cos A 

^ . _ cos ^ 
cot A^B.— — 7- 
sm^ 
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4o secAzR: : iZ: coi^, .-.sec^ = :„ and also cosec^=: 

iZ* 



sin A 



sec >^ 

5° tan Ai9ecA:: B: cosec ii, .*. ianA=^B. 3, and also 

cosec A'. 

cot A ZZ Bt T" 

sec A 

9. Any lines similarly situated in circles of differ^t radii are to 
each other as the radii. If the radius of one circle be unity and 
of the other R ; then any line, sin A for instance, in the latter 
circle = the similar line in the former multiplied by R. 

We may therefore indifferently use in a formula sin A to radius 
Ry or R, sin A to radius unity, since they are equal. Or we may 

indifierently use sin A to radius unity, or — ^— to radius R, 

Suppose we have then any formula computed to radius unity, 

and wish to see its form for radius iZ, we substitute for each Trigo- 

Bometrical line the same divided by JB ; e, g, cos 3-4 = 4 cos M — 

cos 3 A ^ cos ^A 3 cos ^ _ . _ 

3 cos A becomes — ^5 — = -^ ^ — or cleanng of 

fractions R* cos 3^ = 4 cos ^A — 3 22* cos A. Hence the fol- 
lowing rule. 

Multiply each term but the highest hy thatjpcmer ofR^ that will 
make all the terms of the same dimensions. 

10. Agreeing to consider the several Trigonometrical lines 
positive in the first quadrant ; and adopting as a criterion of po- 
sitive and negative that quantities change their sign in passing 
through infinity or cypher, we may perceive the following variations 
of sign. 

1* All arcs beginning at A and terminating at any point be- 
between A and Dnme positive sines; and terminating be- 
tween D and A negative sines. 

2° All arcs that terminate between A and B have positive 
cosines; between B and D negatively between D and E 
negative ; and between E and A positive. 



S^ All arcA that terminate between A and B have positive 
tangents ; all between B and D negative ; between D and 
E positive; and between E and A negative. 

4^ All arcs that terminate between A and BorE and A have 
positive secants ; all between B and Dox D and £ negative. 

5^ All arcs that terminate between ^ and D have positive 
cosecants, all between D and ^ negative. 

^Or the rules of signs for the tangent, secant, and cosecant, may 
be determined from those for the sine and cosine ; as appears from 
the values given in Art. 8. 

Some authors determine the diversiQr of sign for lines of the 
same denomination by their diametrically opposite position ; but 
neither this proposition nor its converse is universally true. — 
(D'Alembert Opuscules, Tom. VIII. p. 271.) 

Cagnoli adopts as a criterion of sign the established convention 
of analytic Geometry. 

With respect to the criterion here adopted, Cagnoli remarks 
from Euler, that quantities do not change their signs unless in 
passing through infinity or cypher, but that the sign does not nJI^ 
cessarOy change in this passage. 

11. Let us adopt a circle with radius unity (which we shall con- 
tinue to do unless otherwise specified) ; and denote the circum- 
ference to this radius by the character 2 «-. 

It is evident by taking Ds = A m, that As and Am have the 
same sine, viz. sin ^ = sin («•— -rf) 

We have also sui («• + ^) = sin (2 «• — A.) 

All the arcs ii, 2* + -^> * * + -^> 2nit + A have the 

same sine, since they all commence at A and terminate at m. So 

also have the arcsir— .^, (2 «• + «•) — A^ (2« + 1)* — 

Af .*• all arcs have precisely the same sine that are expressed by 
the two formulae 2»ir + if, (2»+l) ir — A. 

All arcs have the same negative sine that are included under the 
formulae (2n + l)»--(-vf, («n + 2)ir — A. 



All arcs witl^ the same posUive coeine are included in the for* 
mulfls (2 fiM + ^)9 (2 n-f 2) 9r .^ A. 

With the same negative cosine in the formulae (2 » + 1 ) ir — Ay 
(2»+ \)w^A. 

All arcs with the same positive tangent in the formulae 2nir + A, 

With the same negative tangent in the formulie (2 n + 1 ) sr — A^ 
(tn + 2)w—A. 

All arcs with the s&me positive secant are included in the for- 
mulae (2 n fr+ -4), (2w+ 2) «• — >*. 

With the same negative secant in the formulae (2 n -f l) w-^A, 
(?» + 2)t + ^). 

All arcs with the same positive cosecant are included in the for- 
mulae {2nw + A)9(2n+l)w — A. 

With the same negative cosecant in the formidae (2 7t -J* 1} «* + 
A^{2n+2)w — A. 

The versed sine is always positive, since the radius can never be 
than the cosine. 



Although the several arcs comprised in the formulae 2nir + A, 
(2 n + l) sr — A, have the same sine, still amongst the halves of 
these arcs there are two varieties of sine in magnitude and two in 
sign, •*. the equation that expresses the sine or cosine of an arc in 
terms of the sine of its double must be a biquadratic 'soluble by the 
rules of quadratics. 

Amongst the third parts of these arcs there are three varieties, 
which show that if we attempt the trisection of an angle by the 
sine we must fall on a cubic equation. 

This is not the place, however, §ar such remarks, and we shaU 
close them with proposing a problem of some intere^ 

*^ Given the sine of an arc, to find how many values the sine or 
cosine of its n^ part admits." 

12. It remains to say sometbii:^ concerning the divi^ioi^ of th,e 
circle that have been adopted. 



The most usual and common division is into 360 parts, called 
degrees, each degree being subdivided into 90 parts, caUed minutes, 
and each minute into 90, called seconds, these again into thirds, 
&c. The French mathematicians, who have introduced a new 
system of weights and measures, have also introduced a new division 
of the circle. They have divided each quadrant into 100^, each 
degree into lOOV and each minute into 100^', &c. The chief ad- 
vantage of this method is, that the minutes and seconds, &c. can be 
attached as decimals to the d^rees, being 100% 1000% &c. ^arts 
thereof, e. g. 25° 15' 32" or French degrees, may be written 
25^.1532; 71o 1' 7'-, may be written- 71 o-0107- This undoubt- 
edly is a very considerable advantage in making computations of a 
complicated nature, and one should think ou^t to be a sufficient 
reason for its universal adoption. In order to be able to find the 
number of degrees in the English scale from those in the French* 

Vf 90 
we have, if n be the number of French, * for tlie number of 

lUu 

English, or » — —• So that we need but, in the number rf 

French, move the decimal point one place to the right and sub- 
tract the number so found from n. The decimals, tt any in tihe 
result, are 10*% 100*»»*, 1000**, &c. of English degrees, and .-. if 
multiplied by 6, 6 X 6, 6X6X6, &c. becomes English minutes, 
seconds, thirds, &c* E. g. 26«.0735 French give 23o 27' 58". 140 
English. 

It is far simplet, however, to find either frcxm the other, by know* 
ing the value of a French degree, minute, or second in English 
measure ; and of an English degree, minute, or second in French ; 
as then these valufts ean be repeated ad libitum. 



French. 
JO 3- 

1' = 



English. 

0*^ 5V 

0'32'^.4 

0.324> 



French. 

10« = .» 



9<' 



10' = 5^24." 

10^' = ^'. 24 



Returning to our subject, it is now time to proceed to the for- 
mulae for the values of Trigonometrical lines relative to the sum 
and difierence of two arcs. Such formulae are of the utmost im- 
portance, as they constitute the basis of the Whole science of Tri- 
gonometry; and as they involve the principles already laid down, 
the reader, before proceeding farther, ought to take care that he 
become perfectly acquainted with these latter. 



8 



CHAP. 11. 



ON THE RELATITE VALUES OP TRIGONOMETRICAL LINES BELONGING 
TO THE SUM OR DIFFERENCE OF TWO ARCS. 

Let ACD (Fig. 2.) be a quadrant, from the centre C draw any 
two right lines Cm, Cn ; fr^m m let fall the perpendiculars mo, nvr, 
m$ ; join sr, so, ro ; it is obvious that the circle on Cm, as diameter, 
passes through the other three points s,r,o\ and since the angle 
r Co is a rt. Z. so must rso, and .*. r o = Cm = Cn\ and .*. Uie 
A r o 5, which is obviously similar, is also equal to the ACnpi •*. 
rs^CpySoziznp. 

Having thus prepared our construction, we have (Cor. 4. 16. 6. 
Elr.) the following-Theorems: 

Cm Xso^: B .np ^ Cs* mo + Co .ms (1) 

CmXrs = R.Cp=^Cs.rm — ms.Cr (2) 

sm X fo^R. sm ^so.rm — rs .mo (3) 

C5 X r = JB . Cs = Co . r 5 + Cr . w o (4) 

If the arc Am he denoted by the character A, and mn by B; 
we have, using Trigonometrical language. Theorems (1) and (2) 
expressed as follows : 

JB • sin (^ + £) s sin ^ . cos £ -{- cos ^ . sin £ (1) 
B . cos {A -^^ B)=^ cos A • C09 B — sin ^ • sin i3 (2) 

Denoting Anhy A, and Am by B; we have Theorems (3) 
and (4) 

B . sin {A — B) tzzsinA .cos B — con A . sin B (3) 
M • cos {A — £) =cos ^ • cos JB + sin ^ • sin £ (4) 

Thus we have the four fundamental formulae of Trigonometry 
deduced from one Geometrical Theorem. In strictness, however, 
it is not necessary to deduce from the Theorem more than one of 
them, for instance the first, as the others can b^ easily formed from 
the first by analytical reasoning, as follows : 
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cos(^ + 5) = sin(|-(^+5)) =sin(J + ^ + 5)== 

sin ( I + ^). cos J5 + cos ( J + ^ ) . sin J3 = cos A. cos B - 
sin A, sin J5. 

sin(^-5) = cos(J_.4+J5) =cos {—A), cos 5- 
sin U — ^). sin B = sin ^. cos B — cos ^, sin B. 



cos (^-5) = sin ^Z^A + B)zz sin (.7-^). cos B + 
cos ( -— a), sin jS = cos A. cos i? + sin A. sin & 

The reader will see, in an after part of this work, how all these 
tormulae might have been arrived at by analytical artifice, without 
any aid whatsoever from the elements of Geometry. The adoption 
of such a basis in an elementary work would be a most preposterous 
inversion of the natural order of instruction. 

To find an expression for the tangent of the sum or difference 
of two arcs, we have tan (^ + B) = ^'"^jj^fj , (by formulse (1 ) 
^t^A /Q^ \— ®'° -^' ^^^ ^ + COS A. sin B , 

numerator and denominator by cos A. cos B. 

/ jt i Ti\ tan ^ + tan J? 
^°(-^ + ^) = l-tan^.tani? (5) 

Similarly, tan {A-B)=: tan ^- tan ^ 

^ ^ ^ 1 + tan ^. tan i? ^^^ 

Analogous formulae arise from dividing (l) by (3) and (2) by 
(4), viz. 

sin (A + B) _ tan ^ + tan g _ cot B + cot A 

sin {A — B) tan ^ — tan ^ cot 5 — cot ^ C^) 
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C08 {A + B) cotB — taa A _ cfA. A — tan g 
oo&\a — 5; cot B + tan~3 ~ cot ^ + tan jB 



(«) 



There are several formulae that express values for the sine, 
cosine, or tangent of a single arc, A for instance. They can be 
had from the preceding formulae, by using iAfor A and B, 

A A 

From formula (1) sin Azz^. sin ^ .cos. - (a) 

*A *A 

From (2) cos A = 2 cos— — 1 =; 1 —2. sin— (6) 

2tan^ ^^0^2 

From (5) tan -4 = j^ = — j^^ ^^j 

1 — tan— cot-Y' — 1 

2 

Whence by division tan -4= -4 A (d) 

cot 5- tan 5 

And hence again, cot i^ — tan ^^ = 2 cot A (e) 

From formulflB (a) and (A) tan Jii = T^^! — (/) 

. sm A, 

From the same, tan i^ = ^ ^"cos^ ^^^ 

From (/) and (g) tan^M = [^^ (A) 

From (A) cowp. and dii;. cos A = tan^^v l ^^^ 

n / \ • ^ 2 tan4-4 ,,. 

^"^ ('') ""» -^ = l+tan'i^ ^*> 

_ - .. . coti-<^ — tani^ ,. 

^°°»<'J '=^^^= cotiJ + taDM ^^ 



Multiply {d) by (?) 


2 


/-«^Vv 


""^ '^ - cot t^ + tan iA 


(«) 


From (m) and (e) 
From the same... 
From (/) 


A 1 




'"'^-cot4^-cot^ . 

. A 1 


io) 


^"'^'-"cot^+tant^ 


'^°*^^-l+tan*4.tatt^ 



Reverting to the formulas for the sum and ^ff^renee of two 
arcs, we find from (1) and (3) by addition and subtraction, and 
from (^) and (4), by the same process, fear formulas. 

sin (A + B) + sin (^ _ J3) = 2 sin A, cos B (9) 

sin (^ + S) — sm (-4 — B) = 2 cos A. sin B (10) 

cos(^+fi) + cos{^ — ^) = 2cos-rf.cos5 ' (11) 

cos {A—B) — cos (A + B)^2 sin ^. sin B (12) 

These formulae may be exhibited in the following form, using 
(»+l)^for^. 

sin (;j -J- 2) 5 + sin wi5 = 2 sin (n + 1) B. cos B (13) 

sin (n + 2) S — sin 7i5 = 2 cos (n + 1) B. sin i5 (14) 

cos(7i + 2) B + co8«B= 2* cos (n + 1) i5. cos iB (15) 

— cos (« + 2) 5 + cos »B= 2 sin (» + 1) B. sin 5 (16) 

Writing A! and B' for (A+ B) and (-4 — B) respectively, we have 

A'+B' A!—Bf 

from formula (9), sin ^'+ sin 5^= 2; wh — o"*** ®<>s — S — > 

or restoring the former notation. 

sin i< + sin jB »2 sini(^ + ^)- cos \{A — B (17) 
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Treating formulsB (10), (11), (12) after the aame manner, we 
obtain 

sin -4 — sin jB = 2 cos i(A + B). sin i{A — B) (18) 

cQs^+cos5 = 2cosi(^ + B).cosi{A — B) (19) 

cos5 — cos^ = 2.sin i{A + B). sin i{A — B) (20) 

Multiplying together (17) and (18), we have by formula (a) 
sin ^A — sin *B =2 sin (-/f + B). sin {A — B) (21) 

From (19) and (20), 

cos M— sin *5=cos *5— sin '^= co^ {A+B) cos (A—B) (22) 

From (17) and 18), ^j'^^ + ^j"^ . t^njjA + B) 

^ ' ^' sm ^ — sm 5 - tan i(^ — JB) ^23) 

From (19) and (20), <^^'^ + <^o'^ ^ cot ^A+B) 

^ ^ ^ '' cos -B — cos ^ — tan i(A—B) (^*) 

From (17) and (19), 

sin^+8inB _ cos^ — cos^ 

cos ^+ cos B"^ »l^+ ^^ - ^inA-sinB (^5) 

From (17) and (20), 

sin A+ sin B cos -4 + cos B 

cosii-cos^ = ^«* i(^— B) = siinr^wS (2^) 

tan^=fc tans =^124^ ,^7) 

cos A. cos J5 v-^'/ 

cot xf :i=: cot ^ =s , ' ■ . — =^ /^gv 

sm -4. sm B (26) 

From <27), tan «-4 - tan ^B = ^^^ (^ + g)> sin f ^ — ^^ 

cos *2f, cos *JB l^^^ 



IS 

From (27), tan 2 ^ — tan ^= -^ 1^2 . /3I) 

^ '' 2 cos *^ — cos A ^ ' 

From (13) we may form a table for particular cases of sines of 
multiple arcs, which we shall afterwards find of considerable 
use. 

sin 2 j4 = 2. sin A. cos A 

sin SA=^ S. sin A — 4. sin ^A 

sin 4f ii = (4 sin -4 — 8. sin ^A) cos A 

sin 5 -rf = 5 sin ^. — 20 sin ^A + 16 sin ^A. 
&c. = &c. 

A similar table might be formed from (15) for the cosines, 
cos 2 -4 = 2. cos ^^ — 1 

cos S -4 = 4. cos ^-4 — 3 cos ^ (B) 

cos 4 -rf = 8 cos ^-4 — 8 cos *A + I. 
&c. = &c. 

Several general series for sines and cosines of multiple arcs shall 
be given in the sequel of this work. 

By the second formula in table (B)^ formula (31) is changed 
into 

2 sin A. 

There is a particular class of Jormtda useful as affording a 
means of passing from a Trigonometrical line computed for one 
arc to that for another, and useful also as affording means of verify- 
ing such results numerically computed.-^Such are the followiq^ : 
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From (/) and {g) we We 

/4 i-o I 1 >#\ 1 + sin -^f cos A 

tan (45® + J-4) = — • — -r- = % — :# ( /) 

^ • » / cos-4 1 — sm -^ v/ 

From the same, tan (45« — M) = ^ — s^n ^ _ ^ ^^^^ ^ /^) 
^ • ' "" cos ^ 1 + sm ^ ^^ 

From (9), sin (60« -f -4) — sin (60^ — -4) = sin ^ (s) 

From (1 1 ),... cos (60 + A) + cos (60 — ^) = cos ^ (if) 

From (1), (2), (5), and (6), using 45<^ for ^ we have four formulae. 

cos (450 - J5) = sin (45<' + B) = ^^^ ^^^^^^ ^ (^) 

cos(45® + ^) = sin(45®-B)= '^'''^~''"^ M 

\/2 ^ ^ 

•»<«• + *=ri^ (») 

From (tt?) and (.r) 

tan ^45® + B) - tan (45^ - ^) = ^ ^^^^f^ =:2tan2^ (y) 

From squaring («), 

2. sin X«^ + B) = 2, cos *(45o — JB) = 1 + sin 2 JB («) 

Hence making B negative, 

2. sin *(45« — iB) = 2 cos *(45 + J5) = 1 — an 2 B . (^) 

The line J5o in (Fig. 1.) being called the coversed-sine, we have 
here expressions for it and oE, the arc Jm being denoted by 2B. 

I " I sin ^ ft 
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tan ^(45^ + JB) — 1 1 — tan «(^5 — ^ ) . . 
Hence sin ^B^^^^ a^^^ _ ^^ + ^ = l +tan«(45« — iO ^ 

tan(45^+ J5)— tan(45o— JB) 
^'' '^'^ ^^ = tan (450 +1^) + tan (45° -JB) ^ 

Dividing (n) by (y) cos 2 B = ^n (450+ ^) + tan(45o-B) <^^ 
From (tt) and (u) cos 2B= 2. cos (45° + B). cos (45«— B) (x) 
If 2l=S0<» we have from (9) sin (30°+B)— sin(30°— B)=:8in A v^s (^) 
From (10) cos(30° +-B) + cos(30°— B)=cosBy3 (,) 

If ^+5 fC« ISOnhen tanC=:-tan(-4+B) = tan!j^toi^B^i 

whence we have in this case tan A + tan B + tan C= tan A, 
tan JB. tan C 

This singular result shews us that the question, to Jind three man' 
hers whose sum is equal to their product^ has an infinite number of 
solutions. 

Expressions for the tangents of the sums of arcs, may readily be 
formed from the value already given for tan {A + J?), as follows : 

, A i Ai X AM\ tan (A + A^) + tRnA^^.^. . _ 
tan (J+^^+^')= i_;,„7^^^,)tany^ »'"* ^«°*>*"« *^« 

t + t' 

successive tangents by ti't'\ &c. t'^'^\ tan (^-|-^') = -— I^ — ; /. we 
have tan {A + A + A') = ^ ^llt^tt^tt't!') ^ ^^ P"""^"*^ 
a similar track, tan {,A + A' -^ ^' + A"') = ^ _^ ^^ ^^ J^Y^.tt' V'il" 



4 4 
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S.t — X (it'/') + Z (tft"t"'t"^ 

and in general, tan ( («)arcs)= ;_^ ^»^^_^^^ (^/^rO-&c/ .^'^* 

Now if this be true for n arcs, we can prove it true for {« + 1 ) 

tan (n) arcs + 1 

arcs, for tan (« + 1) arcs = — —^ ^^, in which, sub- 

1 — tan (w) arcs. /' 

stituting the above expression for tan (n) arcs, and multiplying above 
and below by the denominator in the expression for the tan (n) arcs, 
we obtain in the numerator of tan (n + l) arcs all the new odd com- 
binations, and in the denominator all the new even ones that will 
suffice to represent the expression for tan (n + l) arcs under a form 
precisely similar to that for tan (n) arcs. 

Thus we have shewn this series to be universally true by an 
argument such as the following ; if true for (n) arcs it is true for 
(n+l) arcs, and by the same reasoning, if true for(n -{- 1) true 
for (n + 2), &c. ; but it is true if n n 2, /, if n = 3, «= 4?, &c. 
This mode of, arguing, though ultimately founded on induction, 
ceases to be induction when verified as above, and, in fact, ranks 
with the highest species of mathematical evidence. Singularly 
enough this mode of reasoning has been passed over altogether by 
those metaphysical writers who have treated on induction. 



If A = A' zz A^ =, &c. in the above series, we obtain an ex- 
pression for tan n A. Recollecting that the combinations of n 

things in ones =: n ; m threes =: n. — - — • — - — ; in ^ves 

n-^l w — 2 n — 3 w — 4? . . n— 1 

s= n. -— — — — —^ — — g— , &c. ; in jpairs = «. —^ ; in 

>, n — 1 w — 2 rz — 3 ^ , 

jaurs^n.-^-^ — -— — • — ; — , &c. we have 



* The character S is not a factor ; it merely denotes an assem- 
bling or grouping together of like quantities : for instance, 
X (ptf) denotes the sum of the several combinations in threes 

5 

of 5 tangents. 
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. n — ] »— .2 

n. tan ^ — n. — - — -— — . tan ^A + &c. 

tan n A =: ;; ' : ^- (t) 

n — 1 ^ ^ . ;i— 1 W-.2 nS ^ ^ ' 

1 — «. -TT'* tan »^ + n. -^— — — • -— -. tan*-4— &c. 
2S 2 2> 4* 

All these expressions for tangents of multiple arcs were first 
arrived at by De Lagny, in the Memoirs of the Academy of 
Sciences for 1705. He obtained them by induction, but did not 
verify it as above. 

Multiplying series ((% above and below, by cos ^A^ we obtain 
sinn^ «• co8*~^-4. sin -4 — «• "y"- -t— • cos*^^.sin^^+&c. 
cosM — n. — TT-. cos *-*-A sm^^ + &c. 

The numerator and denominator of this series might be shewn 
separately equal to sin n ^ and cos tiA, but as we shall obtain all 
these series afterwards in a more satisfactory manner, it does not 
seem necessary at present to enter upon this subject. 

The series for the sines and cosines, or rather the chords, of 
multiple arcs, were first arrived at by Vieta. The same subject 
was afterwards treated of by Oughtred and Wallis, and subse- 
quentlv by Bernouilli and Herman. De Lagny was the first who* 
arrived at expressions for secants and tangents of multiple arcs. 

Having thus gone through the ftmdamental formulc&c^ Trigo- 
nometry, we shful next proceed to their most important application, 
viz. die calculation of triangles, both plane and spherical. The 
student is not to consider that the formulas obtained are merely 
an exercise in elementary analytical reasoning; as such certaiuly. 
they are of considerable use, but of iufinitely greater as putting the 
reader in possession of instruments of calculation, without which 
his progress would be necessarilv limited and obscure. The jus- 
tice of this remark will probably be more readily acknowledged 
after proceeding fiurther in thifl work. 
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CHAP. IIL 



ON THE RESOLUTION OF PLANE TRIANGLES. 

1. Hating now to pass to one of the applications of the pre- 
ceding Theory, which is of primary importance, viz. the resolution 
of plane triangles, we shall introduce a second Geometrical 
Theorem, to serve as a connecting link between the Theory and 
this application of it. There are several Geometrical Theorems, 
apy one of which might be used on this occasion, but for a par- 
ticular reason we sheul select that which gives the cosine of an angle 
of a triangle in terms of the sides. 

2. In figure (3), let the sides of the A be denoted by the cha- 
racters a, D, c, and the angles respectively opposite by -4, jB, C, 
letting fall a perpendicular from C on c, and denoting the distance 
between the angle A and the foot of the perpendicular by p, we 

have (13. 2. Elr.) a* = 6* -j- c*— 2cp, .-. p = ^^ , but j? is 

the cosine of ^ if d be the radius, and •% to radius unity ^=5 cos Aj 

•*. cos A — . •* ^ t 

Similarly cos B = g— ; and cos C= ^' , 

If A be obtuse the formula does not change, for then the signs 
both o(p and cos A change, and .•. the sign of the result is not 
changed. 

3. We have 1 — cos -4 = 1 W- = ^rr " = 

2 oc 2b c 

(a-^-b — c)(a+^ — V) . 

2j^ , or denoting the semi-sum of the three 

•^ u , J 2(5— c) (5 — ft) 
sides by s; 1 — cos A =; --^ -r^ -• 
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4. Wehaveal80(l+cos^)=^i±^^*^(±!±H^)(*J:£Zf)= 

2. s, (s — a) 
U • 

5. Multiplying the values for (1 —cos A) and (1 + cos A\ we 

have 1— cos'-rf=:sin'^ = -^^' (5. (5 — a) (5 — b) (5 — r) ), 

2 

6. 1 he area of the A = ~ = ^ = V 5. (5— a) (5—6) (5— c) ; 

which is an expression for the area that might easily be arrived at 
by plane Geometry. 

Denoting the double radical by the character N, we have 

A -^ J • T* ^ sin A a , . ^ , 

sm A^z-r-y and sm /? = — ^ .-. -^ — -=: --, or the smes of the 
be ac sm B b 

angles of a a are as the sides respectively opposite. 

Let us proceed to the solution of triangles, enumerating the 
various cases. In a A there are six quantities, any three of which 
being given, the remaining quantities may be found, unless the 
data be the three angles. 

Cases of right angled triangles, C being the right angle. 
First Case.— Given «, ft, to find c and A, B. 

- sin A 

a smA I 

b = SiTs == sin i^—A'S ~ *^ ^ » *"^ ^^^^ havmg^, we have 
B = 90**— A;c=zb. sec. AyOrczz ^a^-[-b\ 

These formulae in logarithms, give log. tan ^ = log. r+log. a 

log. bi where r is the radius of the tables ; log. ess log. r+ log. b 

log. cos A. 

Second Case.— Given r, B, to find a, b, A. 
iscsinjB; 4 = 90 — 5; a = r. sin Aov a^ s/c^-^ ^*- 



90 

In logarithms, log. b sz log. c + log. sin B — log. ^ log. a = 
i {log.(c + i)+log.(^-5)^ 

Third Case.*— Given bfAfU} find iz, r, J7. 

n = & tan ^ ; c = j ; B = 90 — A. 

* cos -4* 

In logs. log. a = log. 6 + Iqg, tan A — log. r ; log. = log. b — 
log. cos A + log. r. 

N. B.--The tabular radius is taken 10»® .•. log. r = 10. 



Cases qfcblique-angled triangles. 

First Case.— Given A^ B, a, to find ft, c, C. 

^ ^ , sinJB sin C 

C=180o -(^+5); b^a. 2^; r=a. ^jj;^. 

In logs. log. b = log. a + log. sin B — log. sin A» ' Similarly 
for r. 

Second Case*— -Given a^b, B; to find -4, C, 1:. 

a sin C 

sin ^ = 'x.sinS; C=180^ — (-4 + B); c^b. - — 5 or c= 
6 ' sm Jo 

a.cosB^±z \/6» — a\ sin "A 

This formula for c, however, is not adapted to logarithmic 
computation. It is manifest from the figure in this case, that if 
b> ay from knowing a, b^ and J?, we cannot know whether we 
have found A or 180° — A, but if a < i, the angle A must be 
acute.— Cflgno?/, p. 132. 

In logs. 1(^. sin ^ =: log. a + log. sin B — log. b ' 

Jog. c = log. b + log. sin C — log. sin B. 

The negative radical in the second value of c answers to the case 
when A is obtuse. 
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Third Case.— ^Oiyen a, i, C, required A^ B^ c. 

a sin -4 a+& sin-^+siirB 

lo We have -^ =;j^, .-. camp, and AV. ^15= dO^S^ 

^ + 3 

tan — 5 — 

or by formula (2S) chap 2, = A — B ^ ^^ ^^ ^^^ ^^^ *^ 

tan-^- 

sides : tt«V difference : : /a». i sum of base angles : tan \ diff. 

We have also the two following formulae, to which we shall 
meet analogous ones in spherical Trigonometry. 

a — b a+6 

tan \{A—B) = cot JC. jr^* cot 1(^ — B) = cot. i C. ^^ 

2o To find the third side, r, we have (;*=(a* + ** — 2aft cos. C): 
but this requires to be ^dapted to logarithmic computation. In 
order to this we may write c^ in several forms* viz. 

c«= ^(a+5)*—2a5(l+cosq| = j^ («—*)«— 2aftX(versedsmC) j- 

orc=(«+« Vl-(^- ^^'T=^^"'*^>/H(^^a- versed sin C 
= (fl — b) 1^ \ j^ , — _. sin — . In the first valiie, the quantity 
.. cos — may be computed logarithmically; and, since it is 



a proper fraction, it may be taken as the sine squared of an 
auxiliary arc 6, and using then this form, we have c z=l (a+6) cos #• 
Denoting the similar quantity in the second value of ^ by tan *# 
we have c = (a — b) sec. ^. 

We shall afterwards give two very elegant series, one for dis- 
covering a base angle, and the other the third side in this case, 
taken from the Trigonometry of Legendre. 

Fourth Case. — Given a, £, r, to find A^ B, C. 

2 / ^ 

We have already found sin -4 = -- A/^, S'--a.s^b.s — c (i) 



2S 



y 



i(l+CO8^=C08-=— ^7^=- (2) 



A •/ 1 — h.s — c 



i(l_co8J)=sm5= -^ 

And thus we have from (2) and (3), tan ^ = W *—■ — 

2 5» 5 ^"^ ff 



c 



(3) 



(4) 



Similar formulae may of course be used for finding B and C. 

Recollecting in all these cases that the angles are the objects of 
investigation, and that they are to be had by their sines, cosines, 
tangents, &c. ; the utility of several formulae for the same case is 
instantly obvious. In such cases approximate values are only to 
be aimed at, and the more rapid the approximation, of course so 
much the more convenient ; and hence it is desirable that a smsJl 
error on the sine, cosine, or tangent, should entail the smallest 
possible error on the angle. By the principles of the differential cal- 
culus we have dA : ^ sin ^ :: 1 : cos A\ hence formula (1) in 
the fourth case ought not to be used for^arcs nearly 90^, but is 
conveniently applicable to arcs under 45o. By the same calculus^ 
dA : d. cos Aw 1 : sin ^, hence formula (2) ought to be used 
for arcs nearly (QC*), but < 90 and formula (S) for arcs nearly 
(90^), but> 90°, Again, dA : dtanA »' sec*^ : 1, .•. formula 
(4) should not be used for arcs nearly 180^, but formulae (1) and 
(2) are then convenient 

Hence different formulae for the same purpose, though certainly 
useless in a Theoretic point of view, add very much to the con- 
venience and expedition of practice. The reader cannot mistake 
this subject, if he take the pains to read all Woodhouse has said 
on it from page 91 to 97 of his Trigonometry. It may be worthy 
of remark, that the formulae of right angled triangles might have 
been deduced from these found for oblique, by supposing in the 
latter C=90^ 

The principles laid down in this and the preceding chapter 
might be successfully applied to the solution of Geometrical pro- 
blems. Previously to giving numerical examples, it would be ad- 
visable to shew some instances of this application. This we shall 
accordingly proceed to do in some of the more difficult cases of 
this species of questions. 
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1. 2b dram a line ihrcugh a 'point tvitkin the legs of a right angle^ 
such that its length be a minimum. 

Let p9 f^ be the perp. from the point on the legs, and tf the 
angle the required line makes with ^, and therefore 90 ^— - tf the 

V p' 

angle it makes with z/, then . + t-t is the lenirth of the linct 

P ^ cos * ' sm * ® 

Differentiating and equating the differential to cypher, we have 

p' 
tan** = -• 
P 

If r, r', be the portions on the legs between the feet of the per- 
pendiculars Pi p\ and the ends of the line ; it is obvious that 

*- =s tan tf = Y "^ • •*• '•^=i>"»p' whence r is the first of two means 

between p and p', and .•. r and / the two means. 

Hence the line drawn according to Philo's method of finding 
two means is the minimum line. 



2. Given the base difference of base angles and rectangle qfsidesj 
tojind the triangle* 

Let a be the base, then one side s a. i — ^, and the other 

sm A: 

sinB , , . a*, sin J?, sin C . 

= a. ^jj^i and by the question g^,^ =»i* .*. cos [B — C) 

2ot* 
— cos (J8+C) = — T • sin M, but cos (5+C) = — cos A^ and let 

cos (B — O = t^ then cos A = -^. sin *-4 — /, ••. cos*-4 + o^* 

fa* 
cos ^ 3: 1 — •;; — s ; whence we have cos A. 

In Fig. (4), let one of the triangles given by this solution be 
ABCy draw Bm to bisect the vertical angle, draw mm' the 
diameter of the circumscribing circle, dva,wn/ Jff parallel to mB; 
then the second triwgle required is A BC. 
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S. To inscribe in a circle a triangle^ such that its sides shall have 
a given ratio, and the rectangle of the segments of the base by the 
perpendicular shaU be a maximum. 

Let A, By be the angles opposite the sides whose ratio is given, 
and d the diameter of the circle. Then one segment of 
the base = ^2. sin ^1 cos B, and the other = d. cos A. sin B, •*. 
sin Am cos A. sin JB. cos B, must be a maximum ; hence we have 
dA sin2^.cos2^ t i. r i. i • 

dg=~ sin2J3.cos2^ Let m be the exponent of the given 

. - . ^ dA cos B sin A. cos B 

raUo^then8m^=:^.smB,A^ = m.^^=: rj-g-.^^-j, ... 

tan 2^ tan A 
we have, — ^^ gR ^^ tan B " ^^ ^^ expression, substituting for 

tan ^A and tan 2 J3 their values in terms of tan A^ tan B, we find 
tan*-4 + tan«-B = 2. 

This last result shews a beautiful property of the required tri- 
angle. Combining this wiUi the equation sin^=:m. sin B, we 
can find sin^and sin B* 

This solution, which is due to Mr. Lowry, the reader will find 
in a late number of Leyboume's Repository. 

4. Given the external and internal bisectors of the vertical angle of a 
triangle, and the difference of the sides, tojlnd the triangle. 

Let b be the internal bisector, and V the external; let A denote 
the angle contained by b, and the hypothenuse of the right 
angled triangle^ that has b and b^ for its sides, then A is given, for 

8in^= J ^^. Let B denote half the vertical angle, and one 

. _ b.sinA - , , 6. sin -4 , ^ , b. sin A 

»«^« = sin (^-^)' »°'^*heother= ^^ ^^^^ . let then -j^fz^- 

. tAiuw = ^* Arranging the terms we have from this 

I. • . ^ %^ii(A+B)—An{A—B) ^ . 

b^^^^^^l sin(^+g).sin(^— i?) 5 =^andsubstitutmginthe 
numerator and denominator by formulae (9) and (21) Chap. 2. 
. . b. sin 2 A. sin J5 , , , . ^ , 

we obtam . a^ - %^ == «, whence by solution we find 

sin JBs!^'^ J— 6. cos^ =*= s/b\ cos*-4 + m* ? . 
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5. Given the three sides of a triangle^ to find its surfacey the radius of 
the inscribed circle, and that of the circumscribed circle: 

An expression for the areji has been alr eady arrived at in the 
commencement of this chapter, viz. A zz \/s. s — a. «— i. 



By cor. 2. 16.6, Elr. Euclid, the radius of the circumscribed 

a c 
circle, which we shall call JR,= tr-, p being the perp. from B on the 

side J, .% R = rr-^Ti but pb = 2 A', .•. B = . 

2pb ^.^s.s — a.« — b.s^^. 



Let r be t he radius of the i nscribed circle, then sr^Jf^ .% we 



have — ,.1^ — a.s—o.s — c 



6. Being given the four sides of an inscribed quadrilateral, to find the 
radius of the circle, the surface of the quadrilateral, and the angles. 

Let a, Cf and b, d, be sides respectively opposite, and x, y, the 
two diagonals, then xy:=iac,-Ybd (cor. 4. 16* 6. Elr.). Since the 
opposite angles of the quadrilateral are supplemental, denoting the 
angle between a and d by ^, we have (a dJ^b c)* sin I sr 2 A, and 
the angle between a, b, by If, we have (a b'\'cd). sin ^'z= 2 ^^, but 

y an »aA_-j-cd » ao + ca 

_ /(ac4-&^)(«6 + c^)^ B the preceding problem the 
radius of the circle circumscribed to the triangle that has a,h,x,iox its 
sides, may be expressed by the formula, ^=4:7^^=y^3y^ 

substituting in this the value previously found for x, and decom- 
posing into factors 



^=n/( 



{ac'\-bd){ad^bc) (a6+c^) 



a^b-k-c—d) {a + 6+d— c) {a^C'\'d — i)(d+c+£i— a) 

By the preceding the area of the triangle that has a, b, x, for its 

ai(]e8= * V ' . In like manner the area of the triangle that has 
4 Jtt 



f36 

c dx 
c, dj X, for its sides =—, .-. the area of the quadrilateral 

(gfe+g^)j? / 

= — ^ — -VV{<^+c^.[a+b'\d^).{a^-{d^^ 

a+b+c+ d y- 

ority= g = vp — a.p — b.p — c^p — d. 

To find an tingle, for instance, the angle between a and b. Denote 
itbyB; then cos J= ^^^ == 2ab+2cd ^^ "^^^^ 

ducing Its value for x^. Hencewehave -—j 5= ; , ^fa . — —-' 

1 — COS B 
or since 1 . ^os JS"^ tan^^; we have, decomposing the preceding 

result into factors, tan* JB= («+^ + rf-^) (3-j-c + .f-a) 

Cig-g)>Cp— ^) ' '^® opposite angle S' being supple- 
mental to B, we have tan iB* = cot JB = / (j? — Q . (^ — ^) 
The adjoining angle between a and d being called C, we have simi- 
larly taniC== W^j^EE£jandtaniC^= J^(^M^ 

This exercise of Trigonometrical artifice might be continued to 
a far greater extent. As such a proceeding, however, would not 
be very consistent with the plan of an Elementary Treatise on 
Triffonometry, the further prosecution of this subject is left to the 
reader's sagacity. 

We shall now proceed to ^ive some numerical illustration of the 
solution of cases of plane triangles. In this we shall of course 
make use of the tables that have been computed for logarithmic 
calculation, and by ^oing so we shall be obliged to use a part of 
our Theory, the discussion of which cannot be given until the 
second part of this treatise. This anticipation is unavoidable when 
practice is introduced, as in it we must have recourse to all the aid 
that Theory can afford. 
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Examples of the resolution of right-lined iriangki. 

Given in a rt.^ emplane triangk a =: 197.3, jB=: 51^56^ and 
sin B 
.\As:3S°' 4' J we have ft =<?. ^j]J^> •'. log. bsslog. a-4-log. sin £ — 

log. sin A, or taking the values from the tables, 

log. b = 2.2951271 
log. sin B = 9,8961369 

Sum = 12.1912640 

log. sin A = 9.7899880 



diff. 



= 2.4012760 = log. ft, .-. ft = 251.9278. 



This example has been solved from the tables of Hutton, j^tk 
edition. These tables, as well as those of Sberwin and Taylor, are 
computed but to seven places of figures, so that should there be 
two angles, the logs, of whose sines approached so near equality as 
not to differ till after the seventh figure, it would be impossible, 
knowing the sine, to know which angle ought to be adopted as the 
true value. E. g. In the tables of Hutton, the log. of the sine of 
89** 57^ is 9,9999598, and the same, as appears by adding thejpro- 
portioned part in the column of differences, is the log. of the sines 
of all arcs up to 89^ 57' 50^^, so that we cannot, with such tables, if 
we use the value of the sine in computing such large arcs, pro-> 
nounce upon being accurate to nearer than 1^ 

In Vlacq's tables, published in 1633, we have 



Arci. 










Logs. sine*. 


890 S7' ... 




•« • • • • 


■ •« 


• •• 


9.9999998346 


89» 57' 10" 






>•• 


• •• 


9.9999998525 


89" 57' 20^ 






»«r 


•«.• 


9»9999998693 


89<»57'S(K 






»•• 


• •• 


9.9999998851 


89''57'40''' 






!•• 


• •• 


9.9999998999 


89" 57' 50^ 






»•• 


• •• 


9.9999999137 



This comparative imperfection of the modern tables is perhaps 
more apparent than real, for it is never necessary to find such large 
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arcs from their sines, as Trigonometry is able to furnish not merely 
adequate solutions but convenient and concise ones. 

Examples.— Given 6=1123.7943, B=61^4(/12% -4=28«19'48", 
to iSnd the hypothenuse c. 

CninBrz b^ •*. log. c. = log. 6— log. sin JS + 10. 

log. b = 3.0506868249 

log. r. = 10 

Sum — 13.0506868249 

log. sin £ = 9.9445956729 



log. c. == diif. 3= 3.106091 1520 
Hence we obtain c= 1276.7067 f. p. 

This is an example computed by the immense and very accurate 
tables of Vlacq. Let us take another example for a di£^rent case 
from the same tables. 

Example 3*-^The most interesting and useful case of plane 
triangles is when we are giv^i two sides and the included angle, to 
find ue base angles. Taking the instance of this that Vlacq gives 
in the first book of his Triganometria Artificialis prefixed to his 
tables, we have 

a =1276.7067 
b=i 631.5525 
C= 37^26' 43" 

.%a + bsz 1908.2592 
a — i= 645.1542 

^^4— = 71^16' 38" 

AS A+B 

But by the formula for this case^ log. tan — g "" =1<^' *W ^ " + 

log* {a — b) — ^log. (a + b) 
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and log. tan Tl^'lG'SS'' = 10.4698970692 
log. 645.1542 = 2.8096635289 

Sum, =13.2795605921 

log. 1908.2592 ss 3.2806373647 



AS 



Diff. =5 9.9989232274 s= log. 

and the angle answering this logarithm is 44^ 55^43^ 51^. Hence 
^ = 7r 16' 38" + 44^ 55^43" 51'" = 116* 12' 2l"51"' 
J5 = 71"* 16^ 38'' — 44** 55^ 4S" 51"' s± 26*» 20^ 54'' 9"' 
Instead of going more diffusely into such calcuIatioBi, it ia i 



haps better to offer to the reader several eicamples with their 
answers, leaving to himself the operations requisite for the purpose 
of arriving at the results, as indeed it is only by this mode of pro- 
ceeding that he can become expert in the use of the tables. 



lo To compute the formula tan iA =: \/i if f when 

c= 1276.7067; a = 865.1765; b sz 631.5525, 

R. iA=z5S^€flV'S(/'^ 

_, , sin ^ , _ 

2» To compute the formula « == 6 mB^ miea 6= 1276.7067; 

A = 57* 26' 43" 30'" ; £ = 63o 47' 37", 
B. a =865.1765. 

3** To compute the foimula tan ' o ^ gXft ' g >wlien 

a=e562; &bs880; C«. 1«8*4' 

B. ^« 33* 34' 40". B s= 18*»21'20"^ 

2 :, 

*• 'To compute the formula sin ^ » -r- v^*.(5— a) («-t^*6) <«— <) 
wheaa » S3; b cs 42.6; c » 53«6> 

it. The radicaly or area of the A'^'ai^'TefikStfS^ 



so 

and A = ST^ 59^ S2l'. If B and C be similarly computed we find 
£= 52« 87' 46'' 28''' ; C== 89* 22' 20'' 32"'. 

N. B. — We may verify by adding the three angles. 

The angle C in this case, if computed by the common tables, 
may be 89^ 22' 21^, 89*^ 22' W\ or any angle between. The result 
above given has been obtained from the tables of Vlacq. 

If the angl e C had be en computed in this case by the formula 
tan 75 = v — — f , the result obtained by the common tables 

would be C=89** 22^ 20". i*. This result, obtained by a different 
formula more accurately, shews in the most striking light the ad- 
vantage of several formulas for the same case. 

5^ If one angle of a plane A be 139^ 54', and the sides about it 
5 and 9, required the other angles. 

jB. 26^ 0' 10" 36"' and \^^ ff 49^^ 24'". 

6^ In a right angled triangle, given a side a= 1123.7943 and 
the angle opposite, viz. Azi61^4i(y 12", required the hypothenuse, 

R. c= 1276.7067. 



CHAP. IV. 



ELEMENTARY THEORY OF PLANES AND SOLID ANGLES-- THE SPHERE 
AND SPHERICAL TRIANGLES — DEDUCTION OF FUNDAMENTAL 
FORMULJE PREPARATORY TO THE ANALYTIC THEORY OF SUCH 
TRIANGLES. 

A right line is perpendicular to a plane when it is. perpendicular 
to all the lines that meet it in that plane. 

A right line is parallel to a plane^ when they cannot meet, 
though mdefinitdy produced. 
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Two intersecting right lines ABj AC^ determine a plane; for 
conceive any plane containing AB^to turn on A B until it passes 
through C, then it will contain the points A and C, and •*. the line 
A Cf and thus become determined. 

Two parallel right lines determine a plane; for the plane of a 
common intersecting line and one of them also contains the 
other. 

The intersection of two planes is necessarily a right line ; for if 
any three points of it formed a triangle, each of the planes would 
become the plane of this triangle, and •*• they would coincide. 

If a right line be perpendicular to two right lines meeting it in 
a plane, at an angle < 180^, it is perpendicular to every line 
meeting it in the same plane. *^ hetok (Fig. 5.) be perpendicular 
to two lines om^ on, meeting it at o, let os be any other right line 
from the same point. Through any point of it, 5, draw a right 
line, nsmy so that ns==sm join hm, hs, hn, then hm^-^hn^ =2.A5*-}-2.^»% 
but ^«*=^o* + on* and hm^ ^ho^+om* (by hypothesis), .•. 
2.Ao*+o»i^+o»*=2.A5*+2.5n% and again o»i*4-o»*=:2.05*+2.5»*. 
Subtracting these two last equations, arranging and dividing by 2, 
we have As*s=Ao»+os* .•• the angle hos is a right angle." 

This proof shews the legitimacy of ihe definition that has been 
given of a line perpendicular to a plane* 

There is hence evidently but one line perpendicular to the same 
plane at the same point 

The perpendicular is the shortest line from a point on a plane. 
This is evident from what has been said. 

The inclination of an oblique line to a plane is the complement 
of its inclination to the perpendicular from any point in it. 

If two angles, not in the same plane, have their sides parallel 
and in the same 'direction, the angles will be equal. " This is 
evident by taking equal portions on the legs of the angles and 
joining them, the joining lines are equal and parallel, as being 
equal and parallel to the lines joining the vertices of the an/^les, •*. 
the lines in the planes of the angles joining their extremities are 
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equal. We have then two triangles with the three sides re- 
spectively equal, •*• the vertical an^es are equal/' 

The measure of the inclination of two planes is the an^Ie con- 
tained between lines in those planes perpendicular to their com- 
mon intersection. To prove tne legitimacy of this measure it is 
necessary to prove, 

1^ That it is the same for all the points of the line of inter- 
section. This is evident from the fact that each line moves 
parallel. to itself. 

2^ That if the angle of the planes increase or diminish in a cer- 
tain ratioi the angle of the perpendiculars will increase or diminish 
in the same ratio. ^^ This is evident if we consider a circular arc 
connecting equidistant points on the perpendiculars^" 

It is the same with angles formed by two planes as with angles 
formed by two right lines ; when the two, planes cut, the angles 
vertically opposite are equal, and the adjacent angles together 
equal to two right angles. 

If a line (/) be perpendicular to a plane (A), evenr plane (B) con- 
taining the line will be perpendicular to the same plane (,A). << For 
in the plane {A) draw a line (f) perpendicular to the intersection 
of the planes (A) and {B\ then the line (1) is perpendicular to (/^), 
and each of them to the intersection; since they are perpendicular 
to the intersection, they have the inclination of the planes in which 
thev lie, and since they are mutually perpendicular the planes {A) 
and ( B) are at right angles." 

A solid angle is the angular space comprised between several 
planes that unite in the same point. For forming such there are 
required at least three planes. 

If a solid angle be formed by three plane angles, the sum of any 
two of them is greater than the third. *< Let S (Fig. 6.) be a solid 
angle contained by the planes^ SB, BSQ CSa, and suppose 
AoB the greatest In the plane ASB make the angle BSDss 
BSCn draw any line A DB; and having taken SC^ SA join 
AC, Ba Then AS and SQ are equal to AS and SD; but BC=z 
J3D by the equal triangles BSC, BSD ; .\ AD < ACy .% 
ASD < ASCy .% ASC+ CSD > ASB. 



A s))here is a solid terminated by d fcurWd sbrfibV, )[Jf whlcfi all 
the points are equally distant from an interior point, Vhicll we ehll 
the centre. 

We may conceive a sphere generated bjr the Wtktibfi bTit sgihf- 
circle around one of its diameters, for the siir&ce b6 gener&ttid ^iU 
have all its points eqaidistant from thb centre. 

Every section of a sphere is a circle ; f* for bohceiv^ thfee Iifaek 
frdm the centre to points in the section, they are eqiial, as being 
radii of the sphere^; from the centre conceive a perpendicular on 
the plane of the section, taking the square of this from the square 
of each of the lines already drawn, the squares of the lines itl the 
plane of the section from the foot of the perpendi(;ular are ecju^I; ;**• 
these lines are themselves equal, and .% this section a circle." W% 
call a great circle that section the plane o( which passes throUgR 
the centre of the sphere^ and all others are cdled small circles. 

A plane is a tangent to a sphere, when it has but one point in 
common with its surface. 

The pale of a circle of a sphere is a point equidly distant froih 
every point in the circumference of this circle. 

Two great circles j^lways bisect each other, for their common 
intersection passing through the centre is a diameter. 

Every great circle divides the sphere! and its surface into two 
equal parts. 

Two points dn the surfacfe of a sphfere determinfe the pliinb of a 
great circle, for the two glveti poirtts and the centre of thci ^befe 
arfe three points that determine the position of k plane. The oblj^ 
exception to this is when the points are diametrically 6|)pb&(ite. 

Every plane perpendicular to the radius ftt the stirface of the 
^here is a tangent plane ; " for concfelve atiy point in this pltae 
different from that where it meets the radius in question, this poitit 
w distant from the centre of the sphere by thfe hypdthenufefi wS 
right angled triangle, one of Ae sides of which is the radius." 

Two spheres mutually touch when the distance bf their oefllttea 
i> equal to Uie sum or difference of their radii.^ 
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If a diameter be drawn perpendicular to the plane of a great 
circle, it wilU intersect the surface of the sphere m points that are 
poles to this circle» and to every small circle parallel to it ; ** for 
the line od (Fig- 7*) being perpendicular to the plane of the circle 
nrq^ is perpenmcular to all the right lines mv, mr, that meet it in 
that plane, •*• the arcs ov, or, are equal, and each 90^, •*• o is the 
pole of wry. Again, oe/ being perpendicular to the plane of the 
circle nV^, passes through its centre by what has been before 
proved, .•. m'v =r mV, ••, the chord on} = or', and conseouently 
the arcs ot/ or^ are equal, whence o is the pole of the small circle 

Every great circle passing through the poles of another ^eat 
circle is at right angles to it ; " for the plane of the former is at 
right angles to the plane of the latter, since it passes through a line 
perpendicular thereto ; hence the arcs cut at right angles, since 
the angles they make with each other is the same as that of the 
planes." 

Hence to find the pole of a great circle, draw a great circle at 
right angles to it, and take on the latter an arc equal to 90^ ; or, 
draw two great circles at right angles to it, and their intersection 

will be the pole. 

• 

A portion of a great circle, r r, is to the corresponding portion of 
a parallel to it, r' v^ as the radius of the great circle mr to the radius 
of the small one wfr^. But m't^ is the sine of the arc or', mr being 
the radius, .v arc vr : arc t/r' : : 1 : sin or' : : 1 : cos rr^. 

The spherical figure, ot7c/r, contained by two arcs of great cir- 
cles, is called a lune ; and the angle of the lune, rov^ is measured 
by the arc rv, of the great circle to which the sides of the lune are 
at right angles. 

The area of the semi'-bme rao : area of the hemisphere : : angle 
of the lune : 360^ ; /• let J be the number of degrees in the angle 

A** 
dT the lune, and the area of the lune=i'. t^t^ where S denotes the 

surface of the sphere. 
The area of the sur&ce of the sphere is four times that of its 



great circle^ or S=4#r*.* Hence the area of the lune « 
4ffrr*. —^ == 2r'. A"". To the radius unity the area of the 
lune = 2u<^ 

A spherical triangle is a portion of the surface of a sphere con* 
tained by three arcs of great circles*. 

All angles of a spherical triangle are to be understood to be 
under 180°, should an angle jB, become 180% as in (Fig. 8.), the 
triangle becomes the lune A B&; should it become greater, the 
triangle ADC will*answer in its place j so ••. the consideration 
of any triangle that has an angle > 180° is useless. 

A spherical triangle is Isosceles^ Hght angled, equilateral^ &c, in 
the same cases as a rectilinear triangle. 

Any two sides of a spherical triangle are together less than the 
third side ; *^ for the sides are the measures of the solid angles at 
the centre of the sphere, any two of which are greater than the 
third, as has been proved already." 

Hence the sum of the three sides of a spherical triangle is 
< 360** ; « for if any two sides, A By AC, (Fig. 9.) be produced 
to meet in Z>, the periphery of the lune AD=:S60° ; but this is 
greater than the periphery of the triangle for BD+DOBC* 

In like manner it might be shewn that the sum of the sides of 
any spherical polygon is < 360^. Let us take, for instance, the 

Eentagon ABCDJEy (Fig. 10.); it is converted into a quadrilateral 
y producing the sides AB, DC, to meet in JPi and we have 
the perimeter of the quadrilateral > that of the pentagon, and 
this again, by producing the sides, AE, DC, to meet in G, is con* 



* This may be proved thus: By the principles of the differential 
calculus, dS=:2iry. x/doj^+di/* ; but y/da^+dy* = v-^^— , ^ 

.•^dS = ^ y-y^y ^ ,.. s = 2«Tv/r^^* -^c. This taken betwectt 

the limits jF=o and^r would give 2«rr* for the area of the heroit- 
phere, ••. i?=4jrr*. Similarly, the surface of an ellipsoid of rero- 
mon ii four times that of the ellipse passing through its poles. 
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verted into a triangle, the perimeter of* which, we have also 
still > that of the quadrilateral, and .% than that of the pentaj^n 5 
but the perimeter ot the triangle is < 360*, .% afortiorU that of 
the pentagon is < 360*^ 

Th^ same proof wouU apply (p.ai?y oth^r polygon. This is, at 
bottom, the same as the proposition by which it is proved that the 
several angles that constitute the faces of a solid angle are together 
5;,4 i^ightangks. Neither is necessarily. true, if the solid contain 
apy re-entrant edges ; or, in. other words, if any side of the spherical 
pplygpn produced cut t^e figure. 

From what has been said of the area of the lune, we can find 
very simply the area of a spherical triangle. " In (Fig. 11.) let 
4BC be a spherical triangle; complete the side AB into an entire 
circlie, and produce the sides JBC, AC^ to meet in C', the triangle 
ABfC^ is obviously the same as ABC, then observing the three 
lunes; AA^y Bff, CO, it is obvious that the hemisphere falls short 
of the sum of these three lunes by twice the area, which we shall 

caUS;V. 2L=r*(^-}-JB+C)~rr» =r» Ua+B+O—ISOoK . 

Hence to radius unity, Ji^{A + B + C)— 180^. 

This very simple solution is taken from the works of Wallis, but 
the Theorem is due to Albert (jirard. The result shews us that 
t^eareadf a spherical triangle is proportional to the excess of the 
sum 01 its three angles above 180®. 

The quantity S cannot certainly be greater than half the surfece 
of. the globe, sinqe no side can be greater tjian 180°. If S were 
half the surface of the globe, then S=2»-r*r=r* (540«— 180°). And 
t)ie mippr limit of the area is cypher, or S=r* (ISO** — 180°). 

Hence it appears simply and clearly that the sum of the three 
angles. q£ a splierical triangle is > IBO"" and < 540^ 

l^t)efQllowing.ipetl^od.ofn)echanically determining th(s area is 
due tp iDe Gua {Mem. Acad, des Sc. 1783). Describe a great 
circle of the sphere in piano, measure around- its circumference an 
arc equal {othe sum of the three angles of the triangle, draw from 
tji^ ejcjlre^ities of this arc two diameters, these diameters, will re- 
solve the circle into four sectors, the sum of the two small sectors 
i^.thfi^areia, if the sum of the three angles be >,1S0^ and < 270^; 
and) the sum of the two large ones, if > 270"" and. < S60''. If th^ 
aumoCihean^esbe > S6a^, it will be necessary to describe two 
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great circles, aad to measure on each an arc eqniU to tt^ semi-mw 
of the three angles. 

One circle might be made to serve if we measure on it an arc 
equal to the excess of its angles above 360°, and find the sum of 
the opposite sectors. This, added to the surface of a great circle, 
gives the area. v 

From what has been said of the area of the triajigle, it may easily 
be seen that the surface of any spherical polygon of n sides is pro<- 
portional to the sum of its angles, minus {n. — 2). 180.^; or 

X= |(^+J?4rC-f&c.) — (n — 2) 180*.? r\ 

It might hence be deduced, as it has been for the triangle, that 
the sum of the angles of any spherical polygon is > {n — 2). 180^ 
and < »• ISO**. 

Having thus briefly explained the nature of the sphere, and the 
true meaning of spherical triangles, we shall proceed to the de- 
duction of one fundamental formula, from which, by the aid of 
analytic reasoning, we shall deduce all others. Spherical Trigo- 
nometry, or the Theory of Spherical Triangles, is but an appli- 
cation of the general theory of sines, and an application of it per- 
fectly analogous to the resolution of plane triangles given in 
Chap. IIL of this work. From this analogy in their nature it is 
desirable that both these applications be deduced from an analogous 
fundamental formula. In the present application, however, the 
deduction of such a formula is not altogether so optional as in the 
former. Euler, in a memoir the most elegant of any up to his 
time, entitled Trigonometria univasa ex pinmis jprincipiis derivata^ 
and which the reader will find in the Petersburgh Acts for 1779, 
has founded the whole of Spherical Trigonometry upon three 
e(||^nations. Subsequently to him De Qua nad conceived the idea 
of making all depend upon a single propertv, but his memoir on 
the subiect is filled with calculations so complicated, that thev seem 
adapted more to shew the inconvenience of the method than to 
cause it to be adopted. A supply to this deficiency, however, was 
soon afforded by the celebrated La Grange.* He, as well as the 
subsequent improvers of this science, Delambre and Puissant* have 
commenced with the same fundamental formula as De Oua, but . 



*^ ifournal de TEcole Polytechniqucy Vol. IL page 270. 
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used in their subsequent proceeedlngi rery difibrent methods. 
Our subject at present is to endeavour, from amongst such scat* 
tered and diversified materials, to form a clear and sufficient ele- 
mentary system of formulae, and to apply them to the resolution of 
the various cases of spherical triangles. 

We shall begin with expressing the cosine of an angle of a sphe- 
rical triangle in terms of the sines and cosines of its sides, L^et 
Af B, C, (Fig. 12.) be three points, on the surface of the sphere 
whose centre is o, connected by arcs of great circles, a, 6, c ; draw 
the radii oA^ oByoC^ and draw tangents to the arcs 6, c, at die 
point Ay to meet the produced radii oB^ oC^ at the points p^ m. 
Then pm*=:p A* + Am* — ^pA. Am. cos A ; and again, pm* = 
po*'\'Om* — 2po, om. cos pom. We have .*. from these two equa- 
tions, using Trigonometrical language, tan^6 + tan'c — 2. tan & 
tan c. cos A = sec*i-J-8ec ^c — 2. sec b. sec c. cos a* Subtract from 
both sides of this last eouation tan'6+^ii'^9 divide all the terms 
by 2, and multiply all by cosi. cose, and the result obtained is 
cos a=cos A sin b. sin c-f-cos b. cos c. (a) 

cos a — cos b cos c 
> «'«^= - Bind, sine <^> 

This is a formula perfectly analogous to that used at the com- 
mencement of Chap. III. 

The process for finding cos B and cos C would be just the 
same; .*. we have 

cos£ — cosa. cose 

COSjB = 



cosC := 



sin a. sm c 

cos c — cos a. cos b 

sin a, sin b 



Formula (a) admits of various interesting simplifications. For 
instance, ifirzc, the formula becomes sin i^ = sinj^^ sin £ (i). 
This completely resolves the Isosceles triangle. 

Drawing the bisector, ^8, of the vertical angle of an Isosceles 
triangle, let s, /'be the segments into which it divides the base, 
then cos s := cos iA. sin b. sin fi+cos b. cos A and cos /=cos iA» 
sin c. smfi + cos c. cos/I, but b szc, .\ ssz /, or, the bisector qf'the 
vertical angle also bisects the base in an Isosceles spherical triangle. 
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Again, let J5^, d be the angles this bisector makes with th« 
base, then cos i = cos J5', cos /§. cos \a + sin ^8. sin ia, and cos c = 
cos C'. cos /I. cos Ja+sin 0. sin^a, .•. since b=c we have fi'=C=90% 
or, M^ bisector of the vertical angle is at right angles to the base^ 
and, .•. e converso^ the perpendicular bisector cfthe base passes through 
the vertical angle. 

, a a 

Again, cos /8= cos J3 sin ^. sine + cos- r-. cose, and cos ^ =: 

a a 

cos C sin 5-. sin 5+ cos 5*. cos c; but since 6==c, cos B:=cos C, .". 

B^C; or the angles at the base of an Isosceles spherical triangle 
are equal. 

By formula (J), and what has been proved, it appears that the 
sine of the side of a right angled triangle is equal to the sine of the 
hypothenuse multiplied by the sine of the opposite angle, hence in 
any spherical triangle, from the angle A draw a perpendicular 
arc, /ft, on the side a; then sin ^8= sin B. sinr, and also sin/9s 
. ^ sin iS sin b 

sin ^ sin a sin A sin a 

Also, we have — : — >, = -^ — , -; — s ss — — r- 

' sm C sm c ' sm B sm b 

We can now pass directly to an expression for the sine of an 
angle in terms of the sines of the sides, we have 

• sD ?!5L!^f (cos c — cos a. cos fe) * ) 

"" sin *c t sin^flf. sin*5 ) "" 

2 cos a. cos b, cos c — cos*c — (cos*a. cos* J — sin*a. sin*ft) 

""^ sin*a. sin^c [ '^"^ 

2co8a.cos6=cos(a-|-5)+cos(a — 6), and cos*a. cos*6 — sin'a. sin*6= 
cos (a+^)« cos (a— 4) .*. making these substitutions, and decom* 
posing into factors, we have 

. ^ -J cos c — cos (a+6) > . < cOs (a — b) — cos c > 

sin^a. sin^c 

using the formula for the difference of the cosines of two arcs, we 
have (taking the square root) 
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^^^ - sin a. sine ' ^^^ *' *"^ ^*"^)' *^" (^^^^' *"* (*~^^ (^)* 
iSimilarly for ^ and Cwe have 

sin A = sin^^ gin g * v »i» *• sin (s--a). sin (s—b). sin (s— c) 



sm 



^ = sin a. smy V^®^" *• "^ ^*~^^* "^ ^^~*)" *^" ^*"^J 



If we add together the values of cos A and cos B, and substitute 
in them for cos c, from equation (a), we find, after reduction, a for- 

*C 

2. sin (fl+i). sin — 

mula sometimes of use, viz. cos -4-(-cos Bzn ^ (4) 

sin c 

By (a) cos a =: cos ^. sin b. sin c + cos b. cos c, substituting in 
this for sin c and cos r, dividing both sides by sin a, arranging, and 
then dividing both sides by sin &, we have ultimately 

cot A. sin C = cot a. sin c— cos C. cos b. (5 ) 

It is requisite to be in possession of formulas for the cosine and 
sine of a side, in terms of the c6sines and sines of the angles. This 
is obtained as follows ; we have 

cos a = cos b, cos c+ sin b, sin c. cds A^ 

cos c = cos flfi cos ft+ sin a. sin b. cos C, 

Substituting from the second of these equations for cose in the 
firsts it becomes cos a = cos a. cos«6 + sin a, sin b. cos b. cos C^- 
sln^. sine, cos^; and replacing (1 — cos' 6) by sin* J, and dividing 
by sin b, we have sin 6. cos a = sin a. cos b, cos C + sin e. cos A. 
Similarly we have sin a. cos b = cos a, sin i. cos C+ sin c. cos JB. 
In the former of these, substituting from the latter for siri a. cos b ; 
we have cos a. sin 6= cos a, sin b, cos*C+sin c. cos B^ cos C-j-sin c. 

cos A ; that is to say, sin J. sin^Cz: sin c j cos B. cos C+ cos A > 



* S demoting Ker6, ^s ih Plane Trigo'noilietry, Hit semi-sum of 
the three sides. 
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substituting for sin c its value, si|i.£. -: — = and dividing by aini. sin C* 

cos i<-f-cos A cos C 
we haye,, arranging the terms, cosas sing sinC * ^^^ 

This formula, it appears, is in every respect similar to the for- 
mula for cos A in terms of the sides, the angles having taken place 
of the sides, and vice versa : also, the cosines have become A^;a- 
tive, the sines remaining positive. 

Let us conceive a triangle the three angles of which are 
A J R^ C, and the sides ff, 6', c'; in this triangle we have 

^ cos cf — COS V, COS c' ... 

COS A = . y .J ; now should the sides of this triangle 

be supplemental to the angles of the original one, and the angles 
of this to the sides of the original, this formula would be con- 
verted into formula (6) by substituting for A'j (180 — A); for 
y, 180—6, &c. 

This triangle is tilled the supplemental triangle, from its pro- 
perty just alluded to, and by the French mathematicians the polar 
triangle, from the mode of its description, which is as follows. 
With the angles, A, B^ C, of the given triangle as poles, (Fig. IS.) 
describe arcs of great circles to form the triangle whose angles are 
A\ B'^ C, then it is obvious, from the figure, that the angle A and 
side C B' are supplemental, as also the angle A and the side a\ 
the same is obviously true of the other sides and angles. 

The consideration of this triangle is useful in reverting some of 
the.propositions that we have already proved ; for instance, to prove 
that if the angles at the base of a triangle be equal, the sides are 
also equal. Let us take the polar triangle, then the angles of the 
given triangle being equal, the sides of the polar triangle are 
equal, .'. the angles of the polar, .\ the sides of the given triangle, 
being supplemental to these latter. 

It may also be proved by the polar triangle, that the three angles 
of a spherical triangle are > 180°, and < 540° for -^+jB+C+ 
a'+6'+c'=540°; butfl/ + y + c/< 360, .-. -4 + fi+C> 180^ 
Again, a'4^'+c' > 0, .-. A+B+C < 540. 

To form an expression for sin a, we have in the polar triangle 



appears from formula (S) of this chapter. Here S= g =: 

270 g-=— ,,\ sins == — cos g' =->cosy, using S* 

to denote the semi-sum of the three angles; and *— a'=s 90— 

fA + 3+C \ . ^ /4_±A±^ A 
^ 5 — •• — -^A)t ••. sm (5 — aO = cos I ^ A) 

scos (S'— -rf), changing in a similar manner (s — V) and (5— cQ we 
finally obtain 

«in fl = ^TW^Tr V' ««^ *'• «^ ('S'-^^ »i» (^' -B). sin (ft'— q) (7) 
sm i>. sm c 

Having thus laid a foundation for the deduction of formulae, we 
shall now proceed to apply them to their proper use in the solution 
of trianglesi both right angled and oblique. 



CHAP. V. 

ON THE RESOLUTION OF RIGHT ANGLED TRIANGLES — CIRCULAR 
PARTS — NAPIER'S RULES — QUADRANTAL TRIANGLES, &C. 

In the preceding chapter we have obtained the four following 
formulae, 

cos c = cos a. cos i-f sin a. sin b. cos C, 
sin ft. sin C -zl sin c. sin jB, 
cos a =: cos c. cos ft -f ^ui c. sin ft* cosA^ 
cos C+ cos S. cos A 

cos C = " . p — : 3 • 

sm jB. sm A 

In order to adapt these to the particular case of right angled 
triangles, let us suppose Ca ri^ht angle. The formulas then will 
be readily observea to become me following. 
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1. cos c = co$ a. COS i, or, sin (90' — c)^ cos a. cos h 

2. sin b = sin c. sin fi, or, sin 6 = cos (90**— c). cos (90® — E). 

3. cos ^ = cot c. tan 6, or, sin (90<» — A) = tan (90^ — c). tan 2^. 

4. cos c=cot-4. cot 5, or, sin (90°— c)=tan (90**—^). tan(90 ''—£)• 
From these we may easily derive the six following : 

5* cos J3 scot c. tan a, or, sin (90<* — B) = tan (90®— c). tan a. 

6. sin a = sin c. sin A, or, sin a = cos (90® — c). cos 90®—^. 

7. cot^ = cot a. sin i, or, sin5= tan (90® — ^if). ian a* 

8. cot jB = cot b. sin a, or, sin a = tan (90^— i?) tan b. 

9. cos<^ = cosa. sin B, or, sin (90"^— -^)=cos a. cos (90^ — ^JB), 
10. cos B = cos J. sin Ay or, sin (90®— jB)=:cos b. cos (90°— ^. 

These ten formulae resolve all the cases of right angled spherical 
triangles. 

They are capable of being all comprised under two very simple 
enunciations. Let us consider the triangle made up of five parts; 
the two sides, the complement of the hypothenuse, and complements 
of the base angles; then calling any part a middle^ the two parts 
next it in the triangle adjacents^ and the two remaining parts 
separated, each from the middle, by an adjacent part, opposites; it is 
universally true, and it is sufficient, as appears from the above 
formulae, to say, 

1° The rectangle of the sine of middle and radius = rectangle of 
tangents of parts adjacent. 

2° The rectangle of the sine of middle and radius =: rectangle of 
cosines of opposite parts. 

These are the rules of Napier, which he has given in a very 
obscure manner at the end of his work, entitled, * Mirifici Canonis 
CmstrticHo* M. Mauduitj in his Trigonometry, has presented 
these rules in a different, and» perhaps, a more commodious form ; 
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he considered the parti to be the complementfl of the sides, the 
base angles, and the hypothenuse. The rules would then be as 
follow : 

1^ The rectangle of codM and rad. = product of cotangents 
of parts adjacent 

^° The rectangle of cos M and rad. =: product of sines of parts 
opposite. 

For comprehensiveness, and facility of being remembered, 
these rules of Napier have been acknowledged to stand unrivalled. 
Delambre, however, objects to them: 1** From the trouble of using 
the complements of some of the quantities ; 2^ From the trouble 
of settling the middle ; S^ Because the quantity sought is sometimes 
amongst the middles, and sometimes amongst the extremes.-— 
Astronomie^ torn. 1, p. 205. 

Should two angles of the triangle become right, the t^o sides 
opposite them become quadrants, and the third side equal to the 
tnird angle. 

Should the side c become a quadrant, the triangle becomes what 
is called the quadrantal triangle, and rules may be given for it 
similar to Napier's, using as parts the complements of the sides, 
the complement of the vertical angle, and the base angles. In this 
case^ however, we can always use the right angled triangle, whose 
sides are, one side of the given one, the angle opposite said side in 
the given one, and the complement of the other side. 
« 

.E. g» — Given the surCs polar distance and complement of ike 
latitude^ td Jlnd the angle from noon at the time of rising. The 
triangle is quadrantal, but we may use the triangle whose sides are 
the lat. polar dist. and azimuth, and find the angle from mid- 
night. 

Woodhouse advises to use the polar or supplemental triangle, 
which would be far more inconvenient and awkward than solvmg 
even the given quadrantal triangle by almost any method. 

We shall proceed to give some numerical illustration of the re- 
solution of right angled triangles. 

Example I.--* Given the polar distance of ai celestial object, 
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csiSl"* 4f 9V.6MS9 and the hmrmgUttotn the meridiM, jls±Sd<», 
to find the ;^enith distwace, a^ of the object when on the prime 
vertical. 

We have r.siii astin c. mn Af.\lc>g.mi €^log^BiB€'\'\og*miA^W^ 

log. sin c = 9.890970289& 
log. sin ^ = 9.6989700045 
— log. r = — 10 

Sum, = 9.5899402341 

Hence we obtam a = 22o 53' 30''.3679. 

If in this case we had been given a and A to find r, ft, £, the 
cases would be ambiguous, for they would be found by dieir sines, 
and .". may belong to the triangle formed by producing c and b to 
meet at the south pole, for the same data exist in this triangle* 
And, in general, if the data be an angle, and the side opposite, 
the three formulae for the other parts become ambiguous. 

Example 2. — In the same case to compute ft, from knowing 
c and a asl above. We have r. cos c = cos a. cos ft, .% log. cos ft ^= 
10+log. cos c — log. cos a. 

log. cos c r= 9.798 1 567280 

log. r = 10 

—log. cos a = — 9.9643733977 



log. cos ft — 9.8337833303 
.•. 6 = 47**0'0''. 

Example 3. — Given the polar distance of an object when rising, 
c=5lo 4' 34^^.6443, and the latitude of the place, ap=22« 53' 30^3679, 
to find the time of rising, or the angle B. We have r. cos B = 
tana, cot r, .\ log. cos -8=: 10+log. tan a^og. tan c. 

log. tana = 9.6255668364 
log. r =10 

~log.ta]lfCa»~10.09fi8135018 

■ 1 1 I 1 1 1- I' l l 
Sum, ^ 9.5S275d3S46 

.•. ^=70*8'44».0601. 
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There are cases of risht angled trianeles apparendy ambigaoas; 
for instaoce, from the hypothenuse ana one angle, jd, to find the 
side opposite, &, we have sin iasin c. sin B ; but it is apparently 
doubtrui whether we ought to use b or (180 — b). The ambiguity is 
removed by remarkuig^ thatif iis > or < 90^ ; £ is > or < 90. 

We will now proceed to investigate and apply formulae for the 
solution of oblique angled triangles. 



CHAP. VI. 

ON THE EE80LUTI0N OF OBLIQUE ANGLED SPHERICAL TRIANGLES. 

Before proceeding to a distinct enumeration of the cases, let us 
deduce other formmse in addition to the four fundamental ones 
giren in Chap. IV. 

We have already had the following equations : 
cos a — cos b. cose 



cosul = 



sin b. sin c. 



cos 6 — cosa. COST 

cos B =: ^» ^ -^ ^ (A) 

sin a, sin c ^ ' 

cos c — COS a. cos b 

cos C =2 i : — f 

*'*" sm a. sm b 

These formulae not being adapted to logarithmic computation, 
are inconvenient for finding the angles from knowing the sides. 
The^ require, previously to being of such use, some transfor- 
mations. 

The six following formulae are instantly deducible firom them, 
by simple addition and subtraction, ancl by the formulae for the 
cosine of the sum and difference of two arcs. 



(« 
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cos(A — c) — cosa 

1 — cos ^ = . . . 

sin & sine 

, n co8(a — c) — cosi 

1 — COSB = ^ ^-r 

sin a. sin c 

^ C08(a — &)•— C08C 

1 — cos C ::= V , \ • 

^ sin& sina 

cosfl — cos(6 + c) 

1 + cos i4 =: r—T — r^ ' 

' sin o. sin c 

, , - cos b — cos (a + c) 

1 + COB B^ : r^ !— ' 

Sin a. Sin c 
, . ^ cos c — cos (a + b) 

1 + cos C = : r—r 

' Sin a. Sin 6 

By formula (20) Chap. IL the difference of the cosines of 

two arcs =5 2. sin i sum X sin i diff. /• cos {b — c) — cos a s 

. a+b-^ . a+c—b / a+b+c « • /c v 

2. sm — 2 — . sm ^ — ; or, Vif 5= — g — j, =3 2. sm (S— <:). 

sin (iS^i). Again, 1— cos A=z2 sin*-;-* ^^^ 1+cos -4 = 2 cos*— • 

Introducing these changes on the formulas of class (J3) we obtain 
the six following formulae: 

A sin (s—c). sin {s — b) 

Sm*"^ =5 : — 1 — . 

2 sin 6. Sin c 

B sin (s — a)* sin (*— c) 

8in'Tr== — ^-^s 7- — 

2 sm a. sm c 



C _ jaxi (5 — a), sin (i — 6) 
*"** 2 "" sin &• sin a 

^ sin 5. sin (s — a) 

cos^^s* •= — : — 7 — ! 

2 sm 6. sm e 

B sin 5. sin Is — b) 

C08''r'~ ; r 

2 sm o. Sin c 

C sin 5. sin (i-^) 

cos*^ S 5 ; — i— 

2 sm a. sm ft 



(C) 
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In class (0» dividing the fbit formula by the fourth, the second 
by the fifth, and the third by the sixth, we obtain, 

* am s. sm (s—a) 

* Sin 5. sin (s — c) 

i These formula afford us means of computing the angles of a 
triangle in terms of its sides, by means or the sines, cosines, or 
tangents of their halves. 



2 2 sin /? ^'^ sm A. ein /•. 



Multiplying the first and fifth of the class (C), we have 
n (s — h) /sin s. sin (s — 
sine * ^ sin 6. sine. 

^ J? 

second and fourth of the same class, we have cos *-" sin — = 
^ 2 2 

sin(*— a) ^ /sin 5. sin (5 — c) * , t. ^, ... 

— ^^ • V :^A L — ^- -fading these expressions, substi- 

fiin c V sm o, sin c cr r -^ 

tuting for the left hand member of the equation, its value, 
sin i(^ + -B); for the radical, its value, cos ^ ; and for 

sin (1— a) + sin (s—b) . , cos i (a — b) 

^rr itSTalue, ^.^ ; we obtain 

Bint(^+B)=:cosJC.^2li(^) 
'^ ' cosic 

Similarly, sin \ (A—B)=cos ^ ^^ t^T"^^ 

Sin s V 



W 
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These remarkable and elegant formulae are due to Delambr^ 
who demonstrates them by a much more circuitous process.— 
Vide Astronomies torn. 1, chap. 10. Thev are here deduced very 
nearly as M. Puissant deduces them in his Traite de Geodesic. 

Of the formulae in class (JS), dividing the first by the third, and 
the second by the fourth ; and again, dividing the fourth by the 
third, and the second by the first, we obtain 



(JF) 



sin \(A—B) 
tan \{a-b) = tan Jc. ^^j^j:^) 

Thus we have arrived, certainly in the most direct and natural 
manner, at the four analogies of Napier, as the four formulae of 
class (F) are designated. They completely solve the two cases of 
spherical triangles, in which we know two sides and the included 
angle, or two angles and the included side. 

We have from the first and second of formulae (J?), tanT?2II5i*' 

^u ^ v > a formula analogous to that for solving the sunilar 

case in plane Trij^nometry. For spherical triangles this formula 
would be insufficient, for (A-^-B) and (A — B) are equally unknown 
from knowing the third angle C 

If our object were to find one angle alone, it may be done by 
formula (5), (Chap. 4.) already demonstrated. 

From equations in class (O we may deduce the following 
relations. 
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2 8in ^ • cos ^ =iin A^^i^j;^^j^^sins.sm(S'^).Bm(s^).sin{s^) 

• . ^ • . n • , ^ sin (s — a), sin (s — b). sin (s — c) 

sin iA. sm iJB. sm J (7= — ^ r . , . ^ - 

^ sm a. sm o. sm c 



tan iA. tani J3. tan iC =: 



i^sin (s — a), sin (s — b). sin (5 — c) 



^sin 5. sin s. sin 5* 



The first of these formulae has been already arrived at by a much 
less elegant process. The other two are remarkable for their 
simplicity, if we consider that they involve every part of the sphe- 
rical triangle. 

^ Recollecting also that cos i(-4+ J?+0=co8 i-4. cos i J3. cosjC— 
8ini^.sini£.cos|C — ^sinj^. siniC cosJU — sini^.sin{C«cosi^, 
we may easily collect from the formulae in class (C) that 



ro6 hjA+B+O ^^^" ^' *"^ (^— ^)- sin (5-^). sin (5—7) 

2. cos ia. cos i6. cos ic. 

fVide Cagnoli, p. 329;. 

Since cos iiA+B+O is essentially negative, i(A+B+C) > 90« 
and < 270** /. M^ 5wm of the three armies of a spherical triangle is 
greater than two right angles^ and less than six, which b a theorem 
that has been already proved in two different ways. 

After the same manner that we have obtained an expression 
Sbr the sine of a side in terms of the sines of angles^ by 
means of the polar triangl^ we may obtaih expressions for Uie 
sine and cosine of half a side. In the polar triangle we have 

. M /sin 5. sinf5— aO . , ^ (180^— a) 
coshA'sif^ . °. ^ , , or smce cosii/=: cos r = 

sin 5*, we have 

a /—cos ST. cos (S'— A) 

5 = V • 



sm 



2 "" ▼ sin A sin C 
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e. ., 1 ^ \ /cos (S—B). COS (S'—C) 
Similarly, cos-s = V ^ — . ^ . >, 

, * ^ 4 /— cosS'. cos(S'— ^) 

2 V cos (^ — B). cos (S' — C) 

Having thus prepared a clear and sufficient system of formulae, 
our next business shall be to apply them to their proper use in the 
solution of the different cases of spherical oblique angled triangles. 
For this purpose it is not merely necessary to be mrnished with 
equations exhibiting the possibility of such solution, it is necessary 
to be furnished with formulae from which the quantities required 
may be immediately and directly deduced by logarithmic com- 

Eutation. Were the former mode of solution sufficient, we might 
ave ended with the preceding chapter, as therein is contained 
every thing requisite for a merely theoretical solution of any case 
that could present itself. 

In an oblique angled spherical triangle there are six quantities, 
from three of whicn being given, a fourth may be found. We 
must then have equations between four of those quantities, com- 
bined in all possible ways. Of such combinations there are fifteen, 
which may be classed as follows : 

{abcA\ {abcB)^ (abcC), 
(ABCa\ (ABCb), (ABCc), 

{aCbA\ {aCbB% {a Be A), {aBcCj, {bAcB), (JbAc0, 
{aAbB), (aCcA\ (bCcB). 

Amongst these there are to be found but six cases essentially 
distinct, which we shall accordingly proceed to enumerate. 

First Case.— Given the three sides, to find an angle. 

The following formulae, which have been already proved, com- 
pletely resolve this question. 

1 sin A = «^— I — ■' — ' ^sin s. sin (s — a), sin {s — b). sin (5— c) 

Sin 6. sm c V ^ ' ^ • ^ ' 
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2 cos - -y/ sin^-sinC^-g) 

2 V sin & sine 



3 sm5=\/^5^3^0 

^ ^ 8in&8inc 

2 V sin 5. sin (5 — a) 

The value of cos ^ might be adapted to logarithmic compntar 
tion, so as to afford a fifth formula. Let cos b. cos cscos ^ where 

^ is an auxiliary arc, then cos A = . . — ; , whence 

^ ^ sm 6. sm c ' 

g, sin Hg+^y * sin i{a — i) 

5 .cos jS = „:« A „:^ ^ 

sm 6. sm c 



The subsidiary arc ^ in this last formula is < or > 90*^, as the 
sides bf Cy are of the same or different affection. 

If all the angles be required, the first formula is conyenient in 
point of brevity, as the radical in it once computed will equally 
serve for all. In point of accuracy, however, if one of the angles 
be nearly 90®, formula (1) is inconvenient, and any of the others 
might be used with advantage, especially (5), as an error on the 
cosine of such an arc will entail the least possible error on the arc. 
If the arc be nearly 180^, formula (4) is inconvenient, for then the 
variations^ on the tangent are not as the variations on the arc, 
whence the computation by proportional parts is not exact 

Of these formulae, according to Delarobre, the third should be 
most used, but the first is merely a matter of curiosity. 

Second Case. — Given the three angles, to find a side. 

The following formulas solve this case. 

2 

1 t^sin ^= sm JB, sinC '^"^^^ y.cos(y— ^). cos (y— jB)>cos (S^^C) 
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_ . . A /—COBS'. COS (^—A\ 

V am B.»mC 

, , , A /—cm S'. COS (S'— J) 
4...tan ,«= Y__^3-___^_ 

Since S' in these formulae denotes the semi-sum of the three 
angles, it is obvious it must be some angle between 90^ and 270^^ 
and •*• cos S' < 0. And since, as has been proved in Chap. IV., 
y+c'>«'wehavel80<>— B+180^— C>180^— ^•%£+C— ^<180» 

.-. -^ < 90O, but S'—A=:^^ , .% S'— ^ < 90 .-. 

cos(S' — A)>0. For the same reason cos (Sf — B) > 0, 
cos (S'— O > 0. 

This is a case that never occurs in practice. 

Third Case. — Given two sides and the included angle. 
By the analogies of Napier that have been proved, we have 

A+B 
cosi(a-j-&) : cosi(a — b) :: cot|C : tan — s — 

A—B 

sini(a+b) : sin i (a — b) : : cot * C : tan — — 

Thus we have the two angles A and B. To find the third side, 

sini 
c, we have sin c = --r — ^. sin C However, as this is one of the 

sm jts 

cases that most frequently occurs in Astronomical calculations, it is 
requisite to be furnished with some separate and independnnt mode 
of determining c. 

We have had already cos c=:cos a. cos d-f-^^^ ^* ^^ ^' ^^^ ^* 
This expression, by substituting for cos Cits value, 1 — ^ver-sin Cf 
by subtracting both sides of the equation from unity, and by writing 
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C c 

2. sink's for 1— cose, becomes 2. sin'*^ = rer-sin (a — A) + sin a. 

. , . ^ • / r\ /, . sina. sini. ver-sinCw , 

sin b. ver-sin C= ver-sin (a-A). (l + ——————y Let 

.,, , , sina.sin&ver-sinC 

us assume an auxiliary arc, ^, such that tan*te — y^r-sin (a^b) — f^^' 

c 
Then we have 2, sin'-jsver-sin (a — ^J). sec*^. (n). Converting (w) 

and (n) into logarithms, we have the two following equations for 
finding c. 

2 . log. tan tf=log. sin a-f log. sin J-f log. ver-sin C— log. ver-sin (fl— J) {/»') 
2. log. sin- = log. ver-sin {a — d)+2 log. sec ^ — log. 2—10. {n') 

Another formula may be arrived at by a different treatment of 

the value for cos c. For cos C, write 2. cos'-^ — 1, subtract both 

c 
sides of the equation from unity and there is had2. sin^-^r: 

1— cos (fl+5) — 2. sin a. sin i. cos = 2. sin — ^ — — 2. sin a* 

C 

sin&.cos*^. Assume an arc, f, such that sin' ^ = sin a. sin & 

-C- , , ^c ^ a + b ./^ + *, \ 
cos s then we have sm^r =sin*— 3— — ^sm f =sin f — 5 » * / . 

sin^-g— -♦) .-. 2 log. sin - =log. sin (— +*)+log. sin (-g — <p). 

This formula is used by Laplace to find the arc intercepted be- 
tween two heliocentric positions of % comet, by means of the co- 
latitudes at these times, and the difference of longitudes. — Mec. CeU 
Ldvre II. page 227. 

There is still remaining another mode of obtaining the side c. 
From tlie formula fot cos c, by subtracting each side of the equation 
firom unity, we obtain 

ver-sin c = ver-sin (a — i) -J- sin a. sin i. .ver-sin C 
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This formula not being fitted for logarithmic computation would 
quire a table of natural versed sines. 



require 



Fourth Case, —Given two angles and the side between, to find 
the remaining sides and the third angle. 

By Napier's Analogies, already proved, we have 



A — B 



a+b ^^ — 2 



c 



tan— 2-= A+b'^1 
COS — T"— 



a^b sin— g— ^ 
sm — s — 



Thus we have — — — and rr-^ — , whence .*. we have a and b. 

It remains to find the third angle C. We have already proved 
the formula^ 

cos Cscos^. cos B — sin A. sin B. cos c. 

=r COS A* COS B — sin A. sin B. + 3 sin A. sin B* sin* — 

2 

/J 
=cos (-4 + J5) + 2. sin A. sin B. sin»- 

Subtracting both sides of this equation from unity, substituting, 
and dividing by 2, we obtain 



sm" 



where Ht/T is such an arc that 



%m^Mzsi sin A. sin B. sin^ 7; 
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These fonnulae are the same as would be obtained from the 3d 
method in (Case 3), by the polar triangle. Others might be de- 
duced from the other solutions of the same case. 

Fifth Case.— -Given two. sides, a, b, and the angle 4f ^ find 
Bf Cy and c. 

• y^_ sinj<« sin ft 
^"^ "" sin a 

C w ^ «. cosl(a + A) 

cot-s =tan i(A + B). ,7 ' 

2 * • cosi(a — ft) 

c cos \(A + B) 

These three formulsBi which have been already proved, completely 
resolve this Cascr 

Sixth Case. — Given two angles, A^ J3, and a side, a, opposite 
one of them, to find ft, c, and C. 

. _ . sinjB 

sm ft s sm a. -: — r 

sm^ 

Having thus furnished formulae for the six essentially distinct 
cases of spherical Trigonometry, we shall next proceed to give 
some numerical illustration of these cases calculated from the 
tables. 

Example I.— In case the first, let a = 42^ 8' 47^9 ; ft=30® ; 
c = 240 3/ 54".6667. By the second formula for this case we 
have 

log. cos-^ssl ^204- log.sin/S+log.sin(S— a)— log.sinft— log.sin c r 
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S€z4^^§'2i^.a» .log.aiii<S s 9.8717949866 

S — a iz B"" BT B9f\ 36 log. sin (5-^) as 9.016^70555 

2. log. r =: 20.0000000000 

Sum ^ 38.8880830421 

log. fAnb= 9.6989700043 
log. sine = 9.6104213585 

Sum = 19.3093913698 

A 

.*. log. cos ^ 3s 9.7893453396 

.-. il = l03^59'57".5028. 

In Vlacq's tables^ the three last formulas for the first Case are 
applied to the solution of this example; and indeed when only one 
angle is required, it would be an useless multiplication of labour to 
apply the first formula. If all the angles be required^ the first for* 
mula can be as easily applied as any other. 

Example 2.— In case the second, let -4 = 103«> 59' 57^5, 
JB=46o 18' 7".27, and C=: 36^ 7'52".44. From the «ecoild for- 
mala we have 

log.sm -g si ^20+log.cosS+log.cos(&-il).4og.8in£— Iqg.sinC{ 

Sx 93*12' 58". 35... log. cos S = 8.7489934199 

S— ^r: — (10^ 46' 59".1S) log. cos(S-*-rf)ss 9.9922661960 

2. log. r = 20.0000000000 

Sum =38.7412596159 

log. sinJ3=i 9.8591330480 
log.fbCca 9.7705845247 

Sum == 19.6897175727 

.%log.sift| =9.5557710216 

.•.a = 42'8'47".9286. 
I 
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This example is compated difierently in the tables of Vlaoq, 
from the polar trianglei and the result obtained precisely the 
same. 

Example S.— In case the third, let a = 42* 8' 47^^9286, c » 
24*> S' 54^6667, and B « 46* 18' /'.27, to find A and G 

A+C , -B . , a— c , a+c 

log. tan — g — » log. cot ^ +log.co8-^ _ log. cos — ^ 

B B 

1 = 2S*> 9'y'.64.. log. cot •§ =s 10.S6897S6671 

^^=»9'*2'26''.64 log. cor^^^ = 9.9945709156 



Sum = 20.3635445827 
^^^ =5 SS^* 6' 21".297 log. cos ^^-~ =s 9.9230689829 

A+C 
.•.log. tan —J— = 10.4404755998 

.-. ^~-^ = 70* 3^ 64".9753 

log.tan— g— sslog. cot g+log.sm— ^ — log.sm— 5- 

B 
log. cot -J s 10.3689786671 

log.sin^~5s 9.1962772372 



Sum = 19.5652509043 
log. sin ^^=s 9.7S73425161 
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.% log. tan ~^; — =9.8279088882 



— S — =83** 56' 2".5275 



.-. -rfsslOS' 59^ 57".S028; CsSG^ 7' 52'U4,78. 

We shall here, as in the applications of the formulfle of Plane 
Trigonometry, propose some examples with their results, in order 
that the reader, if ne find it necessary, may have in his power to 
exercise himself in such computations. 

N 
1** To compute the formulae, sin -4 = — — r — ; — •• sin B == 

'^ sm d. sm c ' 

iSr^c 5 ^ f^^ ^^sinb ^ ""^^ ^=^^' ^*' ^^5 «=37*47'18''; 
c=74*5l'50^. 

JR. A= MO 10' 4(/^ 

B=: S3**22^45'' 

C= 119^55' 6" 

2' To compute the formula cos 4 = x/IsEJI^MiEI) 

^ » sm 6. sm c 

when as:40** ; b = 70^; c= 88^ 30'. 

«. ^ = 31^34' 

c fa + 4 
3» To compute the formula sin«-^ = sin ^ — 1- ilf i ^ 

wnV ~2 M) when« = 70*'; 6:±38*^30'; and the angle 

C=81«34'2e'^. 

B. csriO^O'O". 



• jVs2. y/sin 5. sitt5 — a. sins — 6. ain^ — «r. 
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c (a -\' h \ 

4* To compute the formula ring's s sin V ■ a ' + M 7 • 

sin ( ^ M ] ; when a =: 84<> 14' 29'' ; * = 44*> 13^ 45^ 

-B. c = 51*6'll'.33. 

5* To compute the forroule sin a = . p i ^ ; sin & =s 
'^ sin ^. sm C 

sin r= ' n ' A \ when .<= 44* l(/4(/' ; B = 



sin il. sin C * *"" "^ ~ siq B. sin ^ 
S3* 22^ 45'' ; C = 1 1 9* 55' 6''. 

JB. tf = 50«54'30'.8 
h = 37* 47' 18" 
c=:74«51'49''. 

rw. , . , ,v co8i(.4— J8) c 

6<* To compute the formulae tan \ {a+&) = ^/jIA-BY ^" 2' 

when ^ = 130* 5^22''; i?z= 32o 26' 6^/; and c=5P6' 12'''. 



• i:: 



= 84* 14' 28" 
44* 13'13'^ 



It seems useless to insert more such examples, as they can be 
found in the several systems of Astronomy in abundance, particu- 
larly in the excellent one by Professor Woodhouse, wd. 1, second 
edition^ which no student, who desires to become intimately ac- 
qi^i^ted with Plain Astronomy, should fail to possess. 

If the reader is content with a merely elementary knowledge ot 
Trigonometry, such as would enable him to pass with facility 
through the popular parts of Plain Astronomy, to have read thus 
far, will be amply sufficient If he wish, however, to be able to 
apply it to more minute and difficult researches, or if he wish 
merely for its own sake, and for the intellectual satisfaction that it 
affiardls to become acquainted with its extent and its power, he will 
be apt to consider the preceding part in no other light than as an 
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introduction, certainly an essential one, to more ampkand ex- 
tended research. 

Before we proceed to the second part, we shall shew the use of 
Spherical Trigonometry in solving some Theorems and ProUems 
respecting the sphaere. 

Tills suligect, though (like the similar application of Plane Tri- 
gonometry) not essentially connected with any. part of our treatise^ 
must be allowed to be ofie of considerable interest, and which the 
more experienced -student will find frequendy of use. 



CHAP. VII. 

APPLICATION OF SPHERICAL TRIQONOfilETBY TO THE SOLUTION OF 
THEOREMS AMD PROBLEMS CONCERNING THR SFHJERE ANU SPUR-. 
RICAL TRIANGLES. 

1. Eequired an expression far the cosine of an arc on the surface of a 
sphere^ in terms of the cosines (^the arcs between its extremities and 
three points on the surface^ each the pole of a great circle through 
the other two. 

Let oof be the arc in (Fig. 14)^ and Xj y^ e, the three points ; 4hen 
cos ooscos oy. cos dy -(- sin oy. sin (fy. cos vi/ 
=co8 oy. cos dy + cos ov^ cos oV. sin (xi/+ "^^ 

szcosoy. cosdy-^'Cosov.co&dd.^coBvz.cosdz+cosvx, cosv^j- 

but by Napier's rales for circular parts cos ov. cos vzzsi cob oz$ 
cosdd. cosdzszcosdz^ &c. .*• wc have 

cosoo^scoa^j!. cose^-f-ooBO^. co8(/x + gdso^:. co6o'« (I) 

If the arc oo's90% we hare 
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Oacot ojl* cos </^+ C09 ox. cos (/jr+ cos oz. COS dz (2) 

If the arc should yanish, we have 

1 s:COS*0ff + cos*oy + cos^ox (S) 

These three Theorems are of considerable and very frequent 
use in Mechanics. 

The Theorem (1), otherwise demonstrated^ as it might easily be^ 
would serve as a vei^ elegant basis of a system of Spherical Tri- 
gonometry, as we might by reversing the proof above given, arrive 
at an expression for the cosine of an angle in terms of the sides* 
This would require the consideration of axes, and thus interfere 
very consideraoly with the natural order of instruction. 

2. To find an expressionfor the area of a spherical triangle in terms 
qfiixio sidesy and the included angle. 

Denoting the area by S, we have already had S=:-/<+JB+C— '» 
.\tani{A+B+C)ss — cot JS; but by one of Napier's analogies, 

cos i(a— *&) C 
we have tan4{^ + B) sz cos ^(a4-b) ^^ 2 •** ^^ formula (5), 

yAti_ TT \ L ^ 1 c cot Jfl, cot Jft+cos C 
(Chap. IL)f we have cot iS= im^"^ 

Hence with the same vertical angle, two spherical triangles are 
equal) that have the tangents of their half sides reciprocally pro- 
portional. 

And the tangent of the half side of an equal isosceles triangle is 
a mean proportional between the tangents of the half sides of any 
others. 

M. Legendre shews from the formula above given, how to de- 
termine the maximum triangle that can be formed, when we have 
given ti^ro sides ; his method is as follows : 

With rad. 0Z=1, (Fig. 15.) describe the semicircle VMZ, make 
the arc ZX^C; and on the other side of the centre take OPzr 
cot ia.cotib; join PX and let fiill XY perpendicular to PZ. 
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» ,_ • , «xr^. t ^ -Py cotJa.eotJJ+cogC 
In the triangle PXY we have cot P =: ^= rinC * 

.*• P=:i5.*. the 8ur&ce 5 will be a max. when the ansle P is so; 
and this will be the case when the angle P becomes mPOf which 
gives us MPO=MOZ— J«r=C-.lir.% C=A + B. 

If the point P fall within the circle, there will be no maximum. 
This gives us cot^a. cot i& < 1, whence cot ia. < tan {6 .-• 
tan (i ir^^a) < tan 16. .%«• < a+b. 

3. Tojlnd an expression for the area of a spherical triangle in 
terms of the three sides. 

We have already had 



cos ^M + ^ 4- C)= -- ^/s^P ^' ^^^ (s—a). sin (5—6) sin (5-^ 
' '• 2. cos f a. cos 46. cos ic 

but 

cos^U+2J+0=co8 (4S— i») =— sin iS .\ 



tan ItK ^ V sin 5> sin (5 — a), sin (5— 6)> sin (s — c) ^j) 

2. cos ia. cos i6. cos tc 

An expression for cot i 5 may be deduced in terms of the sides 

XL • , -, cotja. cot46+cos C ___ . 
from the formula cotiiS= ^^ . We have 

l+cosa . l+cos6 ,. ^ cosg— cos g, cost . 
-3- — =:cotifl; . V ■ =cot<6; cosCss ^ ^i,, a ' • 

and 

sm Css > . . — -v/sin 5. sin (s — a), sin (s — 6). sin (s— c). 
sm & sm c ^ ^ ' ^ ' 

Uniting all these values, we have 

1 + cos a 4- cos 6 + cose 
"" 2. v^sin^ sin (5— «)• sin (5 — 6). sin(* — c) ^^ 
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Mnltiplyiiig together formulas (1) and (2) we obtain a third 
formula. 



1+C08 a+cos b+coi c cos^^g+cog^jft+aWjc — 1 
^^^*^^4,co8*tf.coai6,co8 Jc* 2co8ia. cosiA. cosic ^ ' 



A fourth formula, more el^^ant still than any of the preceding^ 
may be deduced as follows : 

By the formula tani^ = ^nA ^^ ^^^^ tan^Sr: 

1— cosiS - , _ 

— ; .p , whence we have 

1 ,— co8*|g — co&^ifi — cos'lg + ^* co» i^ c<» i^ cos jc 
* "" ^8in5.sin(5 — a).8in(s — 6).8in(5 — c) 

The numerator of this fraction is the product of sinia. sin ic+ 
cos lb -— cos ia. cos |c, and sin ia. sin ic — cos ^b+cos \a. cos |c, or 
of cos fi— cos i(a+c) and cos i(a— c) — cos \b^ .\ by decomposing 
these latter into factors we obtain 



4. sm "S* sm — r— . sm ^ • sm ^ 

.to * • ^ *__ 

tan %o^ M . , ^ V • ' / r\ • / X 
^sm s. sm (5 — a), sm (s — o). sm (5 — r) 



from which, by the formula V Jtan i-4 =5 Z7m^ ^® *^ 



tan^osv tau'^.tan -g— . tan-— g^.tan— ^ W 



The proof here ffiven of this very elegant formula does not diffisr 
in substance from &at given by M. Lc^endre in his Geometry^F— . 
(Nate x»p. 31 7, EdU, Ih) The formula itself is due to $imon 
Lhuflier* 
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4. Being given the three sides of a spherical triangle^ to4etermine the 
position of the pole of the circumscribing circle. 

In (Fig. 16.) denoting any one of the three equal arcs AI, BIf 
CI9 by the character f , and the angle ACI by x, we have 

cos 9 — COS 6. cos ^ 1— cos b sin b 

*^ '= sin 6. sin ^ --SKIT' ""^ ^ = T+^^b' '^^ * 

l—^os a 

cos (C — X) =S : . cot P 

^ ' Sin a ^ 

COS(C— a-) ^. . ^ (1+COsi). (1 — CQSfl) 

.-. ' =:cos C+sm C. tan ^ = ^ ^ . ^ . , • 

COS a ' sin a. sin o 

Replacing cos C and sin C by their values in terms of the sides, 
and denoting the double radical in the value of sin C by M, we 
obtain 

1 + cos b — cos a — cos c 
tanx= jg 

From the equality of the arcs AI9 BI9 CI^ x is obviously equal 
to )(id( + C — J3); and as similar formulae and similar expressions 
are true for the oUier angles ICB^ IB A, we have the foUowing 
formulae: 

,. . . ^ ^v l+cos6 — cosa — cose 
tan i(i4 + C^B) = —2- -^ 

/ « ^ ^ 1 + cos a — cos ft — COS r 
tani(fi-+C— ^ = jl 

,^^ ^ ^ I + cost: — COS a — cosft 
tanJ{^ + S — 0= ^ 

To these we may add, from the preceding proposition, 

- . ^ ^ — I — cosa — cos 6 — cose 
tani(-4 + B + C)= 3j 
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Let us now proceed to find an expression for ten f . We ha?ei 
(from the value found for ton jr), 

1 + tan^j* or -i g(l+coflft)(l — cosg)(l — cosa) 

16* co8*i& sin'jc. sin^jg 

but from the equation cos x = — . , ^ cot^, we have 



tan lb ^ 4. sin i a. sin ib. sin Jc 

cos^ 



^^i*= "Zirr •••tan^= '^ 



2. sin I a. sin ib. sin Jc 



\/sins.m(s — a). sin (5 — b). sin (5 — c) 
Hence we have 



(1) 



4, sin ja. sin i&. sin jc 
sm*=^j^,^ 16. sin^ifl. sin*ii. sin^Jc t^) 

cos«>-^j^^^ 16.sinn«. sin^JA. sin^Jc ^^^ 

These expressions differently demonstrated, the reader will find 
in Lagrange's Memoir, Journal de VEcole Polytechnique^ or in Ley- 
bourne's Repository, vol 5, part 1. They are here demonstrated 
after the manner of M. Legendre. 

5. Being given the three sides of a spherical triangle^ to determine 
the position of the pole of the inscribed circle. 

In (Fig. 17.) from the equality of the arcs OR^ OP, OQ, we 
have hR=s s — 6, CQ, = s — c, AQ = s — a. But by the fourth 
formula in Case 1, we have 



B^ / sin (5 — a), sin (s — c) 
^^2-^^ 8in5.sin(f — 6) 



67 

and by Napier's, rules^ tan OP «? tan 0£P. sin BPj whence de- 
noting OP by ^, we obtain 

^ . ^ A / sin {s — a), sin (s — &). sin ($ — c) 
V sins 

The reader will find no difficulty in perceiying the truth of the 
following expressions : 



♦ y \ /gin s. sin (^ -^ a), sin (5 — c) 
^^^ "* V sin (5— 6) 

tan 0^' = A / sin5>sm(5 — 6). sin(5— c) 

V sin (5-*-^} 

fan ifff = A / sin 5. sin (5 — a), sin {s — b) 

V "'"■ sin (5 — c) """" 

Where ^, denotes the circular radius of the circle that touches 
by and «, <7, produced ; if that of the circle touching a, and 6^ Cf 
product ; and ^'' that of the circle touching r, and a, &, pro- 
duced. 

6. Given base and area of a spherical triangle^ tojlnd the locus of 

its vertex. 

Let ABC{Fw.. 18.) be a spherical triangle, whose base is JBf 
and vertex C. Erect a perpendicular IPK from the middle point 
ofABj take P, the pole of A By and draw PCD. Denoting /JO 
by p, and DC by gr, we have from the right angled triangles 
JCDy BCD; cos a=cos q. cos (p— ic) 5 cos 6=cos q. cos (/?+ic). 
We have already had 

1 + cos g + cos ft + cos c 
coti Sr= sin a. sin 6. sin C 

Making in this the following substitutions, viz. for cos a + cos by 
writing 2 cos q. cos p. cos ic ; for 1 + cos Cy writing 2 00s ic ; and 
for sin b. sin C, writing sin r. sin B. or 2 sin 4^. cos t c. sin JB; then 

cos jc + cosp« cos y 
^^^**= sin ir. sin 17 
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but in the right angled triangle BCD we have sin a. sin Bsssin ;^ 

^ „ cos ic + cos 17. cos a ^ t« . , 

.% cotiS=: gin |c, sing — ^» ®' ^^P' cos/=cotiS. smic. 

sin jT — cos iC| which equation shews the relation between j) and q 
that determines the locus. 

Taking on the prolongation of IPf a line PK^=^Xj such that 
cot « ^ cot i S. sin I c ; joining KC and calling it v ; we then hare 
cos^ =: sin q* cos x — sin x, cos q. cob p. in whida substituting for 
cos p. cos q its value, cot i S. sin ic. sin j^ — cos icy we obtain 

cosj^=sina?. cos ic-^-sinq. (cosx-^sina. coti& sinic) 

which, from the value that has been assumed for Xj gives us cosy = 
sin x« cos icj a constant quantity. Hence the locus required is 
the arc of a small circle, the pole of which is K, and the circular 
radius y. 

This Theorem is due to Lexell. — (Vide torn v. part I. Naoa 
acta Acad. Petrop.) 

Having now gone through the principles of the general theoiy 
of sinei^ together with two of its most important applications, it 
may not be useless to recapitulate our results in a few tables, after 
the manner of Cagnoli. The number of the formulae might be 
much increased, but, perhaps, without any adequate advantage. 
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TABLE iv. 



FarmuUefor the resolution of spherical triangles. 



. ^ sin a. sin C sin a. sin B 

1. sin if = — : =: -^--T — 

sm c sm o 

sin 5. sin A sin b. sin C 



2. sin B = 



8. sin C =5 



sin a sm c 

sin c, sin B sin r. sin A 
sin 6 "■ sin a 



; . cos a — cos 5. cos r . « . ^ ^ ^ 

4. cos ^= -. — T — r— ; — =:cos o. sui B. Sin C— COS B. cos C 

sm ^. sm c 

^ .' cosfr— cosa. cosr » . ^ . A^i ^ n 

5. cos -B= : : =cos 0. sm A. sm C+cos A. cos C 

sm ir. sm c 

2^ r>t cos(: — cosa. cosd . ^ • «. v t» 

o. cos C= : : — r =:cos c. sm A. sm J5+C0S A. cos ^ 

sm 0. sin h ' 

^ ^ ^ sin -B sin C 

7. tan^ir 



8. tanJfc=-r 



sin r. cot a— cos c. cos B sm &• cot a— cos h. cos C 
sin C sin i< 



sin a. cot b — cos a. cos C sin c. cot b — cos c. cos A 

_ sin -rf sin B 

9 tsn C ^ * " ' 

sm b. cot c— cos b. cos -4 sin a. cot c— cos a. cos J3 

■ ^in c. sin ^4 sin b. sin il 

10. sm a= 



11. sin&z= 

12. sin c= 



sin C "^ sin B 

sin g. dn J? sin c. sin J? 

sin^ ""^ sin C 

sin b. sin C sin a. sin C 



sinB sin^ 
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QmtinuaHon qf Table IV ^ 



cos^-fcosJS. cosC ^ , ; ,. , 1 

13. cos fl= — sini^. sinC — — cos -4* s^^* «*»*+«<» ^-co^J, 

, cos £+cos ^. cos C _ . , , 

U, cosD= '^ . .^ ^ ' n cosJ. smfl. sinH*co8a.cos^ 

sin ^* sin V/ 

cos C+cos ^ cos B, ^ . , . 

15. cos c =2 : — 3 — '^ i> ' —cos C. sio 6. OLii a + COS 0. COS a 

sin ^ sm if ' 

sin g sin h 

sin B. cot -4+C08 B. cos c *" 6in C-cot A +<;o8 C co9'a 



sm a sin c 



17. tan ^ — gjj^ ^^ ^Q^ if +COS C. cos a si6 -4. cot JB+cos^. cos c 

♦ sinft sin a 

18. tan c zz g. ^^ ^ ^^^ C+cos ^. cos ft'^sin A cot C+cos B. cos a 



19. sin -^= sin6. sinc ^^^^" ^- ^^^ (^— ^)* ®^^ (*—*)• sin (f— c) 



-4 ^ /sin 5. si n (5— g) 
20. cos^=Y sin 6. sine 



. -4 . /sin (5— fl). sip js—b) 
21. 8m^=V sin 6. sine 



-rf 4 /sin (5 — c). sin (^ — b) 

22. tan ^ = V sin 5. sin (5-a) 

23. sina=: ^^^^^^f. ^^osS^.cos[Sr^)^^^^ 

. ^ A I — COS S\ cos {S' — A 
2 V Sin £• sm (7 
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Continuation ^ Table IF. 



2 ▼ Bin B. sin C 

-6. tan 2 - Y ^^jg (S'— *). cos (S'_0 

27. tani{^ + B) = cot J C.^ig=g 

sin J (fl-— i) 

28. tan4(^-B) = cotiC.^-j^j^ 

29. tan i (fl+ft) = tan i c. ^^^ ^ ^^^^ J 
S0.tani(a-fi) = tanic.^5|ij^; 



PART !!• 



CHAP. I. 



ON THE SUMMATION OF SERIES BY TRIGONOMETRICAL ARTIFICE; 



1. To sum the series cos A -^ cos (J+ B) + cos iA + 2 JJ). 
cos{A+{n—l)B) 



The several following formulas are obviously true by formula 
(10) Chap. IL Part I. 

sin {A+ i 0>-*8in ( A — i ^ ss 2. cos A, sin k B 
sin (A+iB)—sin A+iB) = 2. cos (A-\^B). sin i-B 
••• ••• ... ... ..^ ^^ •«• ... ... ... 

(2n — 1 \ / 2n-— 3\ 

A + —^.B)—sin (^+ -^— ;=2.cos(i4-Kn^l)JB.)sinijB 

Adding together all these equations, the terms that compose the 
left hand members destroy each other, with the exception of the 
negative in the first equation, and the positive in the last; but tlie 
ri^t hand members constitute the given series multiplied by 
2. sin i B. Let us denote the series by the character S, then 



(2n — 1 \ 
A-\ J—. JBy— sin (-rf— i2?)=2. sin }B. s 



In— 1 
sin \A-\ J 

»— 1 
cos^^ + 



cos^^H — T-* B\ sin g-. B 
sETB 
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If continued ad ir^. the terms of the left hand members would 
continue to destroy, so that we would have 

_ -Bin(^-fB) 
2. siniB 

n-hl 

CO« o ' A 

' If B=4 S= 1_ sin 2^. UnAszQw, s=0 

sinj-rf 2 

IfBss^ X«dtn^= — J. If IBssi*, Xadt«^ = 0. 



2. To swn the series sin A — sin {A •\- B) + sin (A + 2B). 
±sin(^ + (»— 1)JB). 



By formula (9) Chap. II. Part I., we have the following 
equations: 

sin (^+iJ9)+8m (J— }B) = 2. sin ^. cos iB 
— sm (ii+IB)— sm (A+^B) = — 2. sin M+B) cos \B 

• •• ••• ••• ••• ••• *S ••• a*« «•• ••# t«t 



± sm(^+-^. J?)±sin(i<+-^. 4=+2-^"^(-^+'^-^-^**^ 
.-. +sin(^+ -^. J5)+sin (J— IB) = Scosifi. Z. ' Using the 



2 
character :&» as before^ to denote the sum of the series. 



If we sum an even number of terms of the series, we obtain 

n~l 

sin(^-i- 



sin^^+ "2"' -^Z • ^^ 5* ^ 
— -— 

If an odd, 

(. »— 1 w.^ . « w. 

^ cosiA * 
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8in -^TT-. A. cos ^A cos — ;r- ^# sm sr -4 

X= ? L-., orX= ? !_, 

cosi^ cosi^ 

K continued ad inf.^ 

— sin (A—\B) 
* "" 2. cos J « 

If iB=»-4 S=0, unless when -4sr90*, and then 2 is infinite, 
for the series becomes 1 + 1 + 1> &c. ad inf. 

If B:=A9 S ad inf. = i. tan ^A. 

By the former of the two last remarks, we have the following « 
series: ^ ^ ^ 

sin A — sin 3-4 + sin 5 A — &c. ad inf. = 

— sin 2^ + sin 6 A — sin 10^+&c. = 

sin 3 A — sinBA+svnlSA — &c. =: 

••« ••• ••• ••• ••• m p 

And by the latter of these remarks we have 

sin -4— sin 2^ -f- sin SA—8lc. ad inf. == i. tan | ^ 

— sin 8^+sin 6-4— sin BA+Slc. = — i.tan ^A 

(B) 
sin 5 -4— sin 10i<+sin 15 -4— &c. = i« tan 4^ 

•t* ••• ••• ••• ••• ss ••• ' ••• 

The left hand members of the classes of equations (A) and (B) 
are identical, .-.ten i-4— tan |-4+ten4il— &c. ad inf. si 0. 



(^) 



3. To sum the series AnA+sin(A+B) + .. tin {A+(n — 1) JB). 

By formula (12) Chap. 11. Part I., we have the foUowbg 
equations. 

cos ( J— iB)— cos {A+iB)=:2. sin A. siniB 
cos (A+i JB)— cos (A+iB)=z2. sin (A+B). sin i Ji 
cos (A +IBHCOS {A+iB)=zi. sin {A+2B). sin i JB 

... ... •*. ••• ^-v ... ... ••. 

cos ( J+ — 2— . S;— cos i^+— 2— . -B)=2.sin (-rf+2i5). nniB 

2ll— 1 

/,— COS ^J + — ^ . 5) + cos(J— ifi)=: 2.sin iB.s, denot- 
ing the series as usual by the character X. Hence we have 

sm V^ 4- -^. By. sm §• JB 

sin \B * 

n+1 

If B=:><, 2z= — :— —T — sin ^^. If n^ls^ir. XssO 

sm i^f 2 

xr .. J ^ . y. cos (^—1 B) 
It continued aa in/, s = — - — : — ^is^ 
•^ 2. sm \B 

IfiB^AyZ ad inf. =r ^^^^. If B=if, X aditff.-^. cotj 
By the former of these last remarks we have 

sin ii+sin 3^+ sin SA^iic. ad inf. = ^ . ^ 

sin 2 ^+sin 6 J+sin 10^+&c. = ^ . ^ . 

* 2. sm 2^ 



••• ••• ••« „^« 9,9 ,,, ,,, ss 



#•« #•• 
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Summing which, vertically, we have by the latter of the two 
preceding remarks, combined with these equations, 

cot J^+cot4-4+cot ^A — ••••adin/I=cosec;^4*co8ec. 2A..MMdinf. 

From the above we can demonstrate a very elegant Geometrical 
Theorem, which we shall have occasion for in the sequel. 

Iftn a circUy a regular polygon of an odd number of sides be in^ 
scribedj and if lines be drawn from any point in the circumference to 
the several angles of the poly gon^ then denoting these lines in theit^ 
order by the characters c', c'', c'", c*% &c., it may be proved that 
c/+c"'+c'+&c.=;C"+c«^+c^, fcc. 

Let A be half the arc subtended by the side </, and A half that 
subtended by a side of the polygon, let the number of the sides of 

the polygon be 2 n+ 1, then B = ^^ , ^ , .-. (f''^2. sin (-4+2 J5) = 

(2ir \ 
ij+ g 4,1 /' Hence half the sum of the odd chords 

which we shall call S^ is represented by the series 

5inv<+sin (^ + ^;^JI+ ^ U +27^> . 

(At JL!L\ • -2±L 
/. S = — ^ \ by Art. S of this chapter. 

Similarly^ we have S^, (half the sum of the even chords) 

= : i • 

sm 

2n+l 

and smce sm ^^ , ^ w = sm 2n4-V ^® ^^® * 

If the polygon be of an even number (2n) of sides, then the 
series of semichords to the 1st, 3d, 5th, &c angles would be 
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•mif+8in(^+~) aa{A+(n^l).^ i to the 2d, 

4th, 6th angles, the series would be 

•■»(^+rJ+'^((-*t5^)+ID---°((^+f«)+("-'0 

, n — 1 2 IT. , n w 
The sum of the former, Xss 



w 
sin 



2 It 



sinf-d+j-l.smj^r- 
The sum of the latter, x'= — ^ ^ 



IT 

sm 



2n 
\ the difference of the two systems of chords, 



, • cos I if— ^)— cos -4 

2(X-X'i=r2. — =2. sin (J- i).tMi J^ 



n 

2n 



In (Fig. 16.) let o be the point whence the chords are drawn; 
mvssz2S; r the middle point of 711175; andov5=2^; then the 

arc ovs:2\A — /-) /. the chord ovzi2. sin (-4---r jandrpzr 

tan —, whence the difference of the two systems of chords is a 4th 
proportional to Cv, wr, and vo. 



4. To sum the series cos i<— cos (-4+5)+cos(^+2 jB)-?r-&c. ± 
cos(^+{n— !)*)• 

^ By formula (11) Chap. II. Part L, we have the following equa^ 
lions: 



9S 

coBXA-'iiB)+cM tA+^B) = 2 cos ^. co«|B 
— cos (A+i B)_co8 (^+1^ = — 2. cos (A-j B). cos ^B 

t * 

••• •♦• . ••• ••• S ••• at* ••• vst 

/ 2»— S % / 2«— 1 _\ , 

dicos[il+ -"Y" •^-<5os(^+ --^-•4= £^-c<>«(^^ 

.% cos (A^iB)± cos (^+ -^^* J?)=2. cos^B. X. 

(71 — 1 \ n _ 

Hence x= cos IB ' ^^^ ^^ number of the 

. / ' n — 1 % . n 
sm^A+'-Y' ' By sin -^B 
terms of the series be summed ; and X = -^ . . ^ > 

if an even number. 
If^s^, 

COS "^A. cos^A sm ' ■ ^ A» sm^jf 

X= p-j — 1 or = ' , ^ 

cosi^ cosM 



cos (A^i B) 
If continued ad inf. X = ^ , p 



2 cos i ^ 
2cosil 



If JB=^, X= ^-^y IfS=^, X=J. 



Hence, 

cos^-— cos3i44-cos5^«.,...a^in/I =3 . r- j 

A* COS ^ 

— COS 2 J+cos 6-rf~cos lOii + = — ^.cos^A 
COS 3 il— cos 9itf +C08 15-4 = 5 r-j 

At cos 3 iS 
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But by summing the vertical series we have their vahies^ each 
i, alternately positive and negative. 

•*• sec A — secSitf+sec S A • = 1— 1+1— !•— •••••^ inf* = I 

Many other inferences might be drawn relative to the series, 
the sums of which have been obtained. Such the reader cannot 
fiiil to deduce for himself; for which reason, without more minutely 
entering into the detail of them, we shall proceed to other sum- 
mations. 

5. To sum the series 5tan-4 + cot-4>+ 5tan2^ + cot2J^ + 
-j tan 4 A+cot 4 ^ >, &c. 

By formula (e) Chap. II. Part I., we have 
cot A^QOt^A = H tan if + cot i< > 

cot 2 J— cot4^ = i ^tan 2 J-f-cot 2^ > 



cot 2«-i. ^— cot 2». ^ = i I tan 2*-^ ^+cot T^\ a\ 

.'. we have cot if— cot 2*. Ann^. z. Denoting the sum of n terms 
of the series by the character 2. 

If continued ad inf. we have 2 cot if == s. 



6. Tosum the series itaniif+^.taniifH- JtanJ ^tan^A. 

By formula (e) Chap .11. Part I., we have the following formulae : 
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i.coHA-^cotA =zitaniA 

4. cot J -rf — i cot i -4 = ^. tan 4 i4 



••• ••• 



'^* cot— i4— ^1. cot^;;^. As: ~. tan ^ i4 
wc have g;^ . cot gS -4 — cot -4 =s x. 



1 1 2» 

If in this series n be infinite, cot ^i^^-^srl -j-tanr^jiis:-^, 

Xss-^ — cot -4. 
Hence 955=* + *• tan i. 90*»+ J. tan f 90o+ &c. 



7« To sum the series cosec A -j- cosec 2^4 + cosec 4iA , 

cosec 2*"* ^. 



By foxmula (n) Chap. 11. Part L, we have the following : 
cot f ^ — cot A =: cosec A 

cot i4 -.cot 2^ =:cosec2i4 

cot 2 i4 — cot 4 ^ = co8ec4 A 



••• ••• 



,cot2*-ii4 — cot2*-^i4 s cosec 2^* i4 
.•• cot I i4 .— . cot 2»-* ^ r: X. 



8». 

^ . . 1 , 1 

8. To sum the senes ^^a + co%3A '^ cos A + cos 5A + •^• 



co8^ + co8(2n4-l)i4* 

By formula (32) * Chap. II. Part I., we have the following :] 

* « ^ X A 2. sin A 

im2A-UmA ^ cosA^cos^A 

^ . ^ . 2» sin i# 

tanSi4 — tan2i4 = rrrrrr r^ 

cos A+cos 5 A 

••• ••• -^ ••. ... 

/ . V ^ 2. sin i4 

;•. tan (n+1) -<^ — tan i4 = 2. sin ^4. S, (X denoting n terms of the 
series); but 

* / i,\ ^ A ^ sinni4 sinn^l 

tan (»+l) -4 — tan A^ ^ 3 7 T—r ... x x -—3 : — r-;. 

^ ^' 2.C08-4. cos(n— 1 -4) cos-<^.cos(n— M 

If the series be continued ad inf. S = — i sec ^^ for the terms 
subsequent to tan A continue to destroy. 



* In Chap. 11. Part I.» formula (32) is not deduced as it should 
have been from formula (27). Formula (27) may be written 

. A^ » sin(il±5) 
tanil±tanJB= ^ ■ 



cos(^ + J5)+cos(^ — -B) » 
whence we have in general, 

sini4 
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9. To sum the series co8 2Acos^+cos 3 A. cos 2 ^+cos *.! cosS A 

) 



•"*• **cos(»-{-l)^. cosni4 

By formula (27) Chap. 11. Part I., we have the following : 

sin -4 
tan 2 Ji'— tan A — ^ ^. ^ 

sin ^ 
tan3^-tan2^ = cos 3^. cos 2^ 



••• ••• ••• 



sin A > 

tan (72+1) ^— tan n^ = cos (n+1)^. cosn^ 

.\tan{n + l) A — tan^= sin ^4. S 
or by note in page (88) we have 

sin n ^ . ^ _ 

cos »^+cos (w+2) -d[ 

but cos n^+cos (n+2) ^=2. cos (n+l) A. cos ^, .-. we have 

sin nA 



S = 



cos (n + I) A. sin 2 A 



1 1 

10. To sum the series ginj.cos2^ " cos2^.sin3J' ^^• 

From (27) we have, using (90*^ — A) in place oi Ay the following 
formula: 

« cos { A±B) 
cotA+tanB=^.^^^^^jg. 
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Hence, 



coiA 

cot A+tan 2 A = -: — 3 rr-% 

* sin A. cos 2 A 



cos A 

— cot S^— tan 2 ^ =r — 



cos2A. sin 3^ 
••• ••• ••• «iB •«• ••• 

•• cot A — cot (« + l)As=:cos A. ^ s to n terms, if n be even, i 
cot A+ tan (n + 1) ^= cos A. jXton terms, i{nbe odd. I 



11. To sum the series 



sin A. sin 2 A * sin 2-rf. sin 3^ 

1 

sinn^. sin (n+l)A* 

By formula (28), 

sin-df 



cot A — cot 2 A -s 



cot 2^— cot 3^ =~ 



sin A. sin 2 ^ 
sin A 



.• ... 



sin 2^. sin 3 -4 



•• .. 



••. cot ^— cot (»+l) AsssinA. jx to w terms i 

12. 7b 5ttw ^A^ series 3 — ^-rr-^ — ■ ^ ^ 3--i 4- &c 

cos -4. sm 2 A sm 2 ^. cos 3 ^ ^ *^*^* 

. . , COS--4 

tanyf+cot2y4 = -z — . ^ ^ 

' cos A. sm 2 ^ 

« ^ ^ ^ cos^ 

— tan SA — cot 2 A = — ^ 



sin 2 A. cos 3^ 



u-*- .It • t « 
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r. tan ^— tan (n-f l)Asz cos ^. 5 s to n terms, if n be even > 

tan -4+cot (n+1) itf s cos ^. 4 X to n terms, if « be odd > 

13. y^^^^^^^^^> Sin^.8m3^ - sin2j!sin4J +^ 

sin 2 ^ 
cot ii — cots -4 = 



sin A sin 3-^ 



sin 2^ 

^ . sin 2 i< 

cot 3 A — cot SA = »^ g M -^ g ^ 

sm S ^. sm o -A 



sin 2^4 

cot n ^-cot(n+2)^ = - ginn^. sin(H-2)il 

.% cot ^ — cot2 -4 + cot{» + l)-4— cot (n + 2) -4 = sin 2 -4 
4 X. to n terms, if » be odd. > 

cotil — cot2^ — cot(« + l)il+ cot(« + 2)-i s= 8in2il 
^ 2. if n be eyen. > 

1 1 , 

14. To «w /A^ series cos A. cos $ A ~ eo82^.cos4J + 

1 



cos3j4« cos SjI 

sin 2^ 
tanS^-tanii = cos^cosS^tf 

sin 2 ^ 
-tan4^+tan2.< = - cos 2^. cos4^ 

sin 2A 
tan5^-tan3^ = cosS^.cos5^ 
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/. tiui(ii + 1) i< — tan (fj + 2) i4 — (tan ^ — tan i A) ^ sin 2 A. 
<7fton termsi if n be odd. > 

— tan(«+l)i4 + tan(» + 2) — (tani4 — tan2i4) = Bin2 A. 
< X to n tarmsy if ff be even. >• 

15. To sum pie series cos ^4. sin JB + cos 3 i<. sin 2 B + cos 5 -4. 
sin S £+•••• <^os (2 ^ — -^^ sin n B. 

sin (i4+B)— sin (i^^B) s=2. cos wl. sin B 

sin(Si4+2B)— sin (3^— 2 J?) =2. cos S i4. sin 2B 

••• ••» ••• •.. " ••• ••• 

sin((2n— I)i4+«B)— sin((2n— 1)24— w^)=2.cos (2«— 1) A sin 4 A 

In adding these we have to find the sums of the vertical columns 
of the left hand member of the equation. Using for (A+B)^ and 

^ for (2 A+B)i the first of jbbese columns is sin ^-f'sin (^+^) 

sin (^+{n — 1) ^) ; the sum of which, firom Art (31) of this Chap.| is 

^ sinO+|(y^l)i^) . n , 

*= ihTH ^•"'^ ab- 
using / for (A—B)j and 4/ for (2 A-^B), the sum of the terms of 
the second column is, 

Ss I^wI ' a ♦> " ' " « sin^^^^ 



« , . 1 1 1 

16. To WOT the senes ^ ^^ . , ^ + a ^^,ai a + q rr^+&c, 

2cos^iil • 4cos*^24 ' 8»cos*y-4 ' ^^ 

1 1 _ 1 



mxi A 2sin*M 2cos'ii4 



9S 

' l_ 5, 1 

2 sin'iA 4. sin ^^A 4. cos^^i 



=: ••• •.. 



1 



2*-K Bia^^A ^\ sin*^^ A 2«. cos^i ^ 



sin»^ ~ o . 1 ^ 



17. 7b 5W»i the series tan A tan *i ^+2 tan M. tan«J^+&c» 
tan A— 2 tan J ^ = tan ^. tan«M 

2tanM— 4jtani^ = 2taniA tan*Jii 



tani4 — 2».tan5r= S 
2* 



-rfd «»^ tan il — A — s 



_ 12 4 

18. To sum the series -—7-5 H 2^-: A =• &c 

cosM * cos^2ii * 008^4^ ^^ 



1 1 



sin*2^ ginM " cos*^^ 

4 2 2 



sin*4-4 sin»2^ "" cos*2-4 



•'•sin«2»-4 ~ im^ = * 
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19. To sum the series sin jl, sin*^ A+2. sin | A. sin^i^+&<^ 

By formulaB (a) and (b), Chap. IL Part L, we have the foUoiv 
ing formulae : 

— • J2 sinA — 8in2itf j- = sin^, sin*J^ 

2 r 1 

—•I Ssin M — 8inil|> = 2. sin iA^sin^^ A 

— • 1 2 sin i^— sini^ > = 4?. sin iil. sin^^il 

... ••• ••• ss ••• ... ••• 

giH-i r 1 1 ) II 

-J- p8in2;zi.^-8in2;^^| = 2-\8in^;=i J.sin»^ ^ 

2-.sin— i^-sin2^ 2^-sin2^ 
... « = X. ^£?in/: X s= J 



20. 7b turn the series tan-4. sec*^ + (itaniif)% (isec J-4)* + 
(itan i.4). (isec iA)*+ &c. 

We have 

cos A cos 2 ^ 

COSJ^i^ cos^ ^ , - 

COSlil COSfil .t . t ^% /I 1 ^\m 

• «« ••• ..« ••• mZ .•• •»• ••• 
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cos 2 4. 



3 ^" sin32 ^ = ^ 



"(s-^singi^)' '"'^^^^ 



^ , . >. 1 COS 2 ^ 



21. To sum the series sin^^+4. sin* i ^+4/sm*i^+&c. 
sinM _ ism«2^ == sin*i4 

4. sin* 4 -4 — sin«-rf =:4.sin*|^ 
4«. sin»i^ _ 4. sin*i^ = 4». sin*i-4 



••• ••• 



•I* ••• «iB ••• ••• 



22. 7b stm the series tanM+(it8n i4)')+(itan i.4)»+&c 

2 . * 1 

tan«2^ ~tm^i =tan*^ 

!. . 1 1 . 1 



••• ••• 



2 — 



2*^2-8. tan 2^5./^;— (2-. tan ~.^' = (2ii'*«»5i^)' 
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1 



(2-». tan ^, Ay = X 



4 1 

Ad inf. 4 + ^ — TTT^ — — = Z. 
•^ ' tan*2-4 ^* 

Several of these series are to be found in the excellent collec- 
tion of examples on the calculus of finite diiferences, by Mr. Her- 
chell, and several of them are due to Mr. Wallace, who com- 
municated them to the Royal Society of Edinburgh, in the year 
1808* We have them here deduced, perhaps for the first time, 
by Trigonometrical Artifice. Wallace used some of them as for- 
mulas of approximation to the arc of a circle, (when continued to 
infinity,) to which purpose their rapid convergence, even in the 
most unfavourable cases, well adapts them. — Vide Art. 6. of this 
Chapter. Mr. Herchell prefers for this purpose the series that 
have been given in articles (17), (19), (21), as they give the im- 
mediate values of the arc and its system, instead of their re- 
ciprocals. 

It would be wrong not to introduce here some of the very ele- 
gant summations that have been performed by Bossut, for an ample 
detail of which the reader is referred to the Mem, of the Acad, of 
Sciences for the year 1769, page ^5S. 



2S. To sum the series sin*i< + sin^2^ -f- sin'n^ 

We have by table (B), Chap. II. Part I. of this treatise, 

1— cos2^ =2. sin^il 
1 — cos 4. -4 =2. sin'2 A 
••• ••• ••• •.. 

1 — cos2n-4= 2. sin^n^ 

Adding together and denoting the sum of cos 2-4+cos4-4-f ... 
•...•.••• cos 2 nij by the character X, as it can be known from 
article (1) of this chapter, we have 



§7 

The sum of this series ad inf. is infinite, since X in this case is 
= — I* This result is samtewhaC singular, as the same series^ when 

the terms are of the first power, is finite, ands^cot 'a'* Art. (2) of 
this Chapter. 

24. To sum the series cos:^A+cos*2A-\' ••• cos'nitf. 

Bytable(5), 

l+cos2^ = 2. cos*i< 

l+co84^ s 2. cos*2if 



••• ••• «» ••• ••• 



l+cos2n^ = 2. cos^nA 

••• 2 +i^=co8*-rf + cos'2-4+ co8««^. 

This resu.It might have bi^n obtained fifom Aft (28), by subtract* 
ing both sides of the equation from n. 

If the reader use 3* — A for A in this and the preceding af- 
ticl^ he will obtain results, difiering somewhat ih fornir 

%6. To sum the series »mM+ski^2 if ...«....• 8itt«»-^ 

By table (A) Chap. II. 

3. sin ul— sin SA s 4. sin^^ 
5. sin2^— sin6 i4 s= 48in^2il 



••• ••• ••• BM. ••• ••• 



3. sinn^-Hiin Siiif ^ 4i flih'n^ 
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•% denotiiig sin^+sin SA.., ••••>. sin n^l by S, and mSA-i- 

mS J •••:••••••.•• umSnA by Z\ for they can be found by Art. (3), 



we have 

dX— 5^=4.1 sin* i*+8m*2-4+§in^3i4^.. sin^n^j 

If continued adinfi this series becomes \ < |.cot-^ — icoti^ \ 
and .*• finite. 

Using for A in this series, {it+A)^ we have the sum of the series 
sin *A—Bin^2A+B]n^SA—Bic. 

26. To sum the series cos»-4+cos»2^-|- •••••••cos^itil 

From table (JB), we have 

3cosjf+<^06 5i4 = 4.cos*-<f - - 
3co8 2^4-cos6^ =4.cos*2-4 



••• •!• 



3.cosfii4-{-cos3i4 = 4. cos^itil 

.•.denoting cos^+cos2il, &c. by 2, and cos3^+cos6itf, &c 
by x', we have 

3. X + X'ssi. ^cos^if+cos^^^-fcos^Sjf cos««i4l 

Using for A in this suries, (ir~i4), we can find the sum of the 
series co8^i4^cos*2i4+cos^d^, &c. 

If contmued ad inf. this series becomes J. (— |— J) and .*. finite. 

A similar process might be applied to sum 8in^^4-sin*2^+8cc. 
and cos^^+cos^2^, &c. and all higher powers. 

The five preceding scries have been taken, widi some altera- 
tionsi from the Memoir by Bossut. 
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27. To sum the series smA+^. sin2^-f-S. sinSi4.....,«.*n..8in nA, 
and cos A+Qcos^A-^-S.cosSA^, n.cosnA. 

Let S = sin ^-("2. sm2 ^^•••^••••••' ^« sin n il 

jS's: cos A+2, cos 2i^4**«« ««*t««*n..cosn'/4 

These series may evidently be written as follows : 
S = 8in ^.4 14-2.cos^+S. cos2 A ..•...». cos(ii — 1)^ > 

+ cos^. 5 2. sin ^4-S»8in2 A+ ..^ «.sin(n — 1)-4 > 

S'=cos^. 11+2 cos il+S.cos 2il,...., n.co8 (n — 1) A ^ 

— sin ^. ^ 2. sin A+S. sin 2 ^ ..•• •• n, sin (n — 1) il > 

Hence, (denoting the series sin^+sin 2 A. t.t.sin nA by Z, 

and cos ^-f-cos 2 ul. .cosn^ by z^^ ^^ ^^^^ evidently 

S=sinA|l+iy— (»+l). cosni4+X'|+cosA|s-.(n + 1 ). 
sin n i< + Z > 

S'=:cosi<.Jl + S'— (n+l).cosni<+Z'l— siniil » — («+ 1). 
»^ + zJ 



sm 



Solving these two equations for S and S^ we obtain 
2S=:cotJ^.(l+zO— Z+ j^j^, Jainfiil— 8in(n+l)^J 

2 S'=-(i+z')_cot M. z + j-Z^SJ-J. {cosn^i^sin {n+l)A } 



100 

I The«e fire two ferie9f tbe snisniatipiiffof which, \)y ^nj xnetfaod, 
have notf J believe, been heretofore publiabed, to a finite number 
of terms. 

The reader will find no difficulty in varying the above series to 

(It ^ 
2 — ^p or (w — A)f m 

phice of jf. We shall forbear entering further on the subject, 
and proceed to apply one of these already arrived at to the sum- 
mation of another series. 



28. To sum the series 1. cos*i4+2. cos<2 A+S. coti^SA •••.. 

n.cos*nA. 

J(l+cos2i<) = cos*-rf 
I (2 + 2. cos 4 i4) =2. cos^2 A 

i {n+n. cos 2nA) = n. cos*n^ 

Adding all the^e formulas together, we obtain 

n.(n+l) 

—7 — -{- J (cos 2 -4+2 cos 4 ii n.CQ»2^ 4} =s X, 



but we have the sum of the series cos 2 i4 +2. cos 4il» 
n. cos 2n /i by Art. (27) x)f this chapter, /. &c. 



This series th2 reader will find at page 52, of HerschelPs 
Examples on the Calculus of finite Differences. 

On the subject of this chapter it would be easy, after what has 
been saidj to enlarge to q very great extent As it may be 
thought, however, tnat we have been too diffuse on it already, we 
shall proceed to matters of more indispensable use, and of more 
acknowledged utility. Previously to proceeding farther, it will be 
necessary to become acquamled with the Appendix that we have 
subjoined on Logarithms. 



101 



CHAP. n. 

THE THEOREM OF * DE MOIVRE*— EXPONENTIAL VALUES OF TRtGO- 
NOMETRICAL LINES— RELATIONS BETWEEN TRIGONOMETRICAL 
LINES AND THEIR RESPECTIVE ARCS — EXPRESSIONS FOR SINES 
AND COSINES OF MULTIPLE ARCS — SERIES FOR THE POWERS OF 
TU£ SINE AND CQSINE, &C. 

1. From the nature of equations, the factors of CQs*A+sm*A 
are cos A^s/—\* sin A^ and cos^— v/HT. sin A\ hence the 
equation cos*-4-}-sin*-4= 1, may be written in the form 

(cos A^tJ — I. sin A\ (cos -4 — tJ^^U sin -4)5=1 ; 
simDarly, 

(cos J?+^/^. sin B). (cos B^iJ~. sin jS)=1. 

These factors, though imaginary, are of great use in combining 
and multiplying arcs* 

2. Multiplving together cos A±^ \/^^* sin A and cos J5± v/Z^. 
sin fl, and substituting cos (-rf+jB;, sin {A-^-B)^ for their develope* 
ments, we obtain 

(cos A±s/^^.. sin A), (cos B± v^— T. sin J?)=cos (il+i3)± v^ZTT 
sin(^+JB). 

If B=^, this Theorem becomes 

(cos A±iJ—\. sin ^)«SE cos 2 A^iJ'^. sin f A. 

If this be true of n arc» it is tru« of (n-f-l) are», ibr in the eipia* 



tion (cos A±.^ — 1. ain ^scos n A±,\/ — 1. sin n A^ let both 
sides be multiplied by cos ^± \/^. sin A^ and we shall obtain 

(cosi4±\/^^sin Af^ srcos (n+1) A^±zJ^.wci (n+l) ^. 

The Theorem being true for two arcs, is, by this argument, true 
for n arcs, n being a positive integer. 

The same is true for a positive fractional index, — , for by the 

above (cos A =*= y/ — l, sin -4)**=cos m A-dc v — 1. sin m -4, but 

cos Adtz\/ — !• sin ^=(cos n ^=±=v/— 1. sin n A)% .-. we have 

(cos n Az±=,y/ — 1. sin n A)* = cos m A±: s/ — 1. sin m-4. For n A 
in this last equation write A\ and it becomes 

(cos A:±x/ — 1. sm A'jn =s cos - A'-r-A/ — i. sin- -4'; 
^ n — ^ n 

OTf restoring the former notation, 

J I.I M ffi J ui 

(cos A±\/ — 1. sin A.y = cos ~-4 +^ — 1. sin - A. 

fi ^ ft 

The same is true for any negative index, for 

1 



(cos A± s/— 1. sin Af^ = 



cos mA±i ^/ — 1. sin m^ ' 



multiply the ri ght h and member of this equation, above and below, 
by cosmA±\/ — 1. sin wt-^, and we obtain 

(cos A± y/ — 1 . sm A)-^ = cos m A^y/'^. sin mA. 
This is the celebrated* Theorem of De Moivre, which he ar- 



• ** Formtde remarqtuible auiant par sa simplicite et son elegance 
que par sa generalite et sa fecondiU'' — ^Lagranoe U^cm sur U 



Caktd des FonctionSf page 116. 



rived at by the comparison of hyperbolic with circular sectors. 
The proof above given of it is founded on the inductive process 
alluded to in Chap. II. Part I. of this work, and is, perhaps,, for 
the first time extended to negative and fractional indices. Lacroix, 
who divides it into two Theorems, after proving it for indices that 
are positive integers^ and without verifying the induction, makes 
the following remark : " Mais allors elks ne seront prouvees que pour 
le casoule nombre n est entierJ* 

3. From the formula of De Moivre we can obtain formulae for 
the sines, cosines, and tangents of multiple arcs. 

^ (cos -4+ »/—[. sin -4)"— (cos A^^/ — L sin ^Y 
sin nA = 7r7==^ - 

. (cos A-\-*/^. sin ^)*4-(cos A — /ZT. sin Af 

si 

By expanding and arranging, we have from these 
smnAzin. sm A. cos""* ^i— — ; ., ^ * sm^-4. cos"^ -4.,... , 

i* Z. o. 



«.n— 1 < w— (2»i— 2)> 



Kl) 



cosn^ = cos»-4 — , g . cos*^^. sin*-^., 



n. n— 1 -Jn— (2m— 3) \ 

i ^ . cos»-(*"*-®^^. sin^'"-^^ 

1. 2 (2 w— 2) 



These series will terminate, only when n is a positive integer* 

Dividing these expressions one by the other, and then dividing 
the numerator and denominator of the right hand member by 
cos"-4, we obtain series (••), Chap. II. Part !• * 

Tlie formulas (1) and (2) were given by John Bernouilli^ in th« 



Lapgie A€U fdt 1701, without demonstratioii. It would SLppe^ 
tf&m the Commercium Epist. letter 129, that they ^ere found by 
hidiiction. It wa« not until twenty years after, however, that finite 
expressions for sin nA and cosn^ were arrived at by De MoJvre. 
•• Thus," says La Grange, ** John Bernoailli touched twice* upon 
Ae sttme mscovery, and still left the glory of it to his suo 
cessors* 

4« Let nAszA'^ where A' is a finite arc. As n becomes great* 
A must diminish, and this increase and diminution being sup- 
posed to go on sine limite ; (n — 1), (n--^), &c. tend each to become 
n 9 cos A tends to unity as its limit, and sin A tends to become A» 

^ A 
Using then ^ for A^ after these changes have happened, the two 

series, (1) and (2), become 

A'^ A'i 

smA'^AT — J 2 3 + 1,2,3.4.5 "" *^* 

A'* A'^ 



Or r^it^Ttng, tar uniformity sake, the old notation, we have 

A^ , A* 

sinA^A^ 17273+ 1. 2. 3- 4, 5 "" ^^' W 

A^ A^ 

cosJ= 1 _ J— ^ + J 2. 3. 4 ^ *^- W 

5. In the developement of ^, fFide Appendix^) substituting 
A. \/-*l, — *A. ^ — 1 , for »^ we obtain 



mi an ■ tfi J 1 1,1 



* Here La Grange alludes to a paper of Bemouilli's, in the 
Mem* qfihe Academy for 1702. 
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^ -"^ ^v * 1.2+ 1.^. S +1.2. S.**^- 

Adding and subtracting these, and by peries (3.) jaxx^ (4), ^ 
obtain the following singular ei^pressionsw the sine ^d qosin^ 



H^ice we ^easily have 



^'^ ^ = 2V-1 ' "^^^ i ^*^ 



1 g2j.i/n_i 

Ian ^ = — V n._^..i r 

Thus we find sines and cosines expressed by imaginary expo- 
nentials, ^' which/' says La Grange, <^ we ought to regard as jooe 
erf* the happiest analytical discoveries that have beeamade in this 
age.'* — Caladides Fonctions, page 1 U. 

These expressions are due to John Bernoulli, who gives them in 
a few words in the Mem. of the Acad.Iar 1702. 

6. The manner ji^P .given of arriving at these expressions, 
Ak>n^ with bQ|i)g.ex6eedinely simple, possesses the ^advf^itage of 
shewing us the true meaning of such formulae, it proves that they 
are no other than purely Algebraie symbols, by which we esmress^ 
in brief^'a«-8et of operations or developen^entSi'torbe.e&cted for ar- 
riving ^^^ineorjoosine. JTbey byno^ipeans^eKpressiaealjralueii, 
for the terms ^^V-i, er^V-i^ ure no other than analogical cx- 
pr ^iptts £>i:n^ed pn the .inpd^ ,af .^ ao^ ,«^^f by ^iibatituting 
^i^^l for^ftnd which, not, IwTOjg «frfepM^v^rWV'^?^lJWfe 
cannot be conceiveil<<(»r intorpieted.mi&s by>tbeirid(M9|]^%#naeAt 

.7. The read^ wiU.dntthfl^fr oUiemre, ibat .ib^ :f»roof given of 
De Moivre's Theorem, at the be^ning of this chapter, applies 
W\f to.tbe ewe wh«^ the i^d^ is ,t^^d rt^aiionai^ Weqan 
now complete the proof for surd axidirnqgim^ \glHes. 
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By formula (5) we have e-^^'^scos A+^/—il sin A, where A 
is any arc, ••. d^^^""*=co8 m A+^ — 1. sin m A=:{cgb A-^^/ — 1. 
sin A)^. Similarly, 

■ ^-*-*^-*=:co8»i-4— V^^^. 8inwi4=(co8-4— \/— 1. sin Af^ 

Hence the Theorem is universal Thus, perhans, we have sup- 
plied the deficiency observed by La Grange, who remarks, that 
the Theorem cannot be proved in its full generality without the 
consideration of derivative .functions,— Ca&S/ ifes Fonctiom^ page 
117. 

8. Dividing one by the other the value of e^-^^ and e-^'^"*, 
we obtain 

_ l+y/ZTaanjI , i^^~i.xmA 

^^^-*= Ti:7^:^A •••2^V-l=log. i_^ZT. tan^ • 

but 

log. g^ = 2. {x + ^ + ^+&c.}, 

••. if* be replaced by \/ — 1. tan Ay we have 

^ tan^^ tBLU^A taxi'^A ^ 
il = tan A — + — J- — — z— + &a (6) 

This beautiful and simple series was first arrived at by Leibnitz^ 
by integrating the differential of the arc in terms of the tangent 

9. Having thus found a series for the arc in terms of the tangent, 
we shall now proceed to deduce the same in terms of tibe other 
Trigonometrical lines. First, for the sine, assume 

Azzf^. sin j< + y. sm^A+i. sin^A + &c. . (w) 

when i9, V, 9, &c. are indeterminate co-efficient& Then we have 
two forms for ^A from (w), viz. 
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2 A = 2/l.8inui + 2y.sinM + 2>. sin»^ + &c. (o) 

Arranging series (n) by the powers of sin A^ we have 

2 ^=2/8. sin ^— (/8^8. y). sinM-(i. /B+12. y— 32. J+126.i)? . . 
sin'il + &c. 5 ^' 

In the series (p) and (p), equating the co-efficients of like powers 
of sin Af we obtain 

^ — ^*y- 2.3'^ — 2.4. 5'* -2.4.6. 7' *^* 

whence we have 

_ f sin»^ 3. sinM 3.5 (2n-^3)8m»*-^^ ^ | 

^-^. \sin^+ 2. 3 + 2. 4. 5 2.4.6...(2ii~2).{2«-.l) ) ^^^ 

In this series the limit of the ratio sin A and ^ is /B ; but in 
general this limit is unity, .«. /isl. . • 

10. Using for A in this series, i^^^y we obtain the develope- 
ment of ^ in a series ascending by the powers of the cosine^ 

r cosiA S.cos^A 3.5 (2n— 3)cos'*^^^ *5 

^=i»— ^cos/l+-2^+ 2^^^ ^ •••2.4.6...(2ii-.2).(2ii-l/5 W 

11. From series (6\ by a similar substitution, we obtain a series 
for J in terms of cot A, viz. 

-4 = iir— ^cot-4 — i.cot'-rf + f.cot<i4 — &c ? (9) 

12. From series (3), using tl ^ for ^ we obtaui a series for the 
difference between the arc and chordj 
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A* A* ^ A"* 

^**^*"''* ^= 1.2.8.2*""1.2. S.4. 5.2*+l. 2. 3.4. 5. 6. T.a*"^*^^*®^ 

For the tame, we htnt ttota (7) the following s^es: 

faii*iA S.sin«M S.5.nnH«' . 
^-2..inM=-r-+-4r5— + 4;g.7 +&C. (11) 

Hence we can always compute the chords to any degree of 
exactness. This was the method used by the early writers on. 
Trigommetry. 

13. The expression for tan A in terms of A^ may be deduced 
by several methods. The easiest, and perhaps the most simple, is, 
by dividing series (3) by (♦)• Hence we obtain the following 
series : 

A^ 2.A^ 17. -rf' , 62. ^» 1382.4" 



tan il=: 4 H-—+-r7 +7rT-^'i 



3^ S.5 ^3*. 5. 7 ^3^5•7.^^3«.5^7.9.11^ 
21844.4'^ 929569. 4' s 

3*.5*.7-9. 11.13"''3*.5«.7*.9. 11. 13. IS^*^* 

or the following more convenient on^, 

2. A* 16. A' 272.4^ ■\ 

taa-^ - -* + 1.2.3 + 1.2.3.4.5 + 1-2.3. 4. 5.6. 7+ T,^. 

8936. ^> - r^^' 

1.2. 8. 4.*. 6. 7. 8. 9 + *^" ) 

This series may be convenienthr found as follows. From series 
(3) and (4) we find by clearing of fractions and arranging, 

^ ^ AKXahA A^ A^ ten A 

tan ^=^+-T"2— -r2:i~rir3r4+^^ 

for tan X, in each term of this expansion substitute 
^ , ^«. tan ^ ^ 
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in the result obtamed, substitute again for tan if tbe sama ex- 
pression, arrange the terms according to the powers of ^, and 
series (12) is the result. 

14. Dividing unity by series (4^ we find for cosec A 

1 A 14, A^ 744. A* 

cosec^-2f+ 1 . 2. 3+1. 2. 3. 4. 5. 6*^1. 2. 3. 4. 5. 6. 7. 8. 9+*^*^^^) 



15* Dividing unity by series (12)9 or dividing (5) by (4), we 
find 

1 2A 32. A^ 768. A^ 

coti<s=2~"j^ 2. 8~1. 2. 3.4. 5. 6~1. 2. 3. 4. 5. 6. 7. 8. 9— &c,(14) 

16. Dividing unity by series (5)| we find 

A^ B.A*^ 61. ^* 

sec ^ = 1 +r2+iX3r4+r:T3ri: 576+^^- (i^) 

This series was first given by James Gregory. — Vide Cam. Epis- 
lolicum. 

17. By series (£), in the Apj^endix^ we shall be enabled to find 
an expression for the arc of a circle* arranged in terms of the sines 
of its multiples. If in 

(m«— IT*) U^—tr^ U* — IT* 

/.M=:(tt— ^^)— — § 1 3 — — — ;j — + &c 

we make u::se^^'^\ and .•. /. us=A\/ — 1, the series, becomes 

or, dividing each term by 2, and substituting the sines for their 
lG|;aritbmic values, we find 

) i<=isin A^\. sin 2 ^l+y. sin 3 -4 — \. sin 4 i4+8cc. (16) 
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IS. Another very singular expression maj be deduced as 
follows : 

9inA=Q.hiniA. cos i ^=4sin^ A. cos|^. cosiAszS.cosi A. 
cos ^ A. cos i A* sin \ A, &c« 

all from the formula 

sin il =2. sin i A. cos ^ ^ 

as this lengthening out of the series may be continued to any ex- 
tent, we have ultimately 

A 1 

sin ^=2*. sin g^* cos i ^4. cos ^ A. cos iA ;•• .cos ^^A. 

In this, if n become infinitely great, 

sin 2» -4 = 2;*i< 

^ by using which, and arranging accordingly, we find 

^=sin A. sec i A. sec ^ ^. sec | A. &c ad ifif. (17) 

19. Series (16) may be converted into another very elegant 
series by writing for Af ir — A^ by which it becomes 

ir A 

^ — 5 =sin A+i. sin 2 A+^. sin 3 A+^ sin 4 A+Scc <18) 



20« Adding them, we obtain a beautiful series for -7, viz. 



^ssin A+i. sin 3 J+jsin 5 i4-j-&c. (I9) 

These two latter series are given by Euler, Inst. Cole. Diff*. and 
thence quoted by Peacock in his Examples on the Calculus. 
Thev are here deduced by a method different from either, and 
much simpler. 
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21. From the imaginary value for the v tangent already founds 
we have 

y:=i:tanx= _i^^--^ 
which, being expanded, gives 

yZT,tanx=— l+2.|e«'^^--e*'^^ + tf*'^^— &c.arf/n/C } 

but 

€*V^=cos2 x+s/ — 1. sin 2 x^ &c 

•% by substituting such expressions, we have 

^IIj. tan x=: — 1 +2 (cos 2 x— cos 4 x+cos 6 j:— &c.) 

+2 v/^^. (sin 2 a?— sin 4 x+sin 6 x— &c.) 

but in such an equation, vide Wood^s Jlgebra^ page 1279 the real 
and imaginary parts must separately destroy, whence we have» 
using A for 2 jr, 

cos ^— cos 2 ^+cos 8 A — &c. ad inf. =5^^ (20) 

and 

sin ^— sin 2 J+sin 8 i<*&c a^ i^ =:^ tan | j< (21) 

These two series the reader may see differently obtained in 
Chap. L Part 11. of this treatbe. 

22. From the logarithmic expression for the cosine, we have 

r 1 — cos 2 H- cos 4 X— cos 6 x+&c. ^ 

5=(cog a:+\/— 1. »in x) < . — \ 

t— ^-^1 (sin 2 ar-*8in 4 x+&cs,) J 
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In frhicb, tf the red and imagery parts be a^mmtad, and cos^^, 
CO&5X, &c. sinS JT, sm5x, &<% substituted for their equivalentSy 
we obtain values already obtained in Chapter I. Part iL of this 
treatise. 

23* From the expression for the arc in terms of the tangent 
given in series (6) of this Chapter, we have 

J = l— i + f— 4 + &C. 

This expression may be converted into a continued fraction, as 
follows : 



Assume —Tj:^^ 






She several successive values of the fraction are 

■a ac ru. (dc+v) 
b' 6c+/9» bcd+by+fid' 

i\ the dijBerences of the j&rst sand second of these values, is 



b.{bc+iir 
of the tscecond and third, 






Hence we have 






lis 

now that this should be id^tictl with tht above, we mus^ have 
a=rb; /9=i. be; y=J. cd; >s=^, de^ Sec. in which i, c, dj &c. re* 
main arbitrary. Assame6=l; c=:2; <f=2; ^=2; &c. then we 
have 



2+9 



2 + 25 



2 +49 
&c. 



This singular expression is due to Lord Brouncker. It is to be 
found in Wallis's works, but deduced by a method di£ferent from 
the above. 

24. The values given for the sine and cosine, in an exponential 
form, may be exhioited in a figure as follows. Take a semicircle, 
p(f^o, (Fig. 17.) with a radius unity, take in it an arc, oc^2A^ 

/ISO— 2il\ 
draw the chordae, then pc z=.2 sin ^ ^ ) = 2 cos A; take 

in succession oc^ oc^^ &c. ^^ A^6A. &c. then jo^^ = 2 cos 2^, 
j)c^^=2 cos S At 8cc. Denoting the exponential value of 2 cos ^ 

by jr+-, then/ic2=^+-, pr,= **+J«il'^//='^*+p» &<^ 

pc^i=zji*+'r^ This i$ obvious from the exponential values, for 

2cosA=e^'^^^+er^^^, and for the same reason 2 cos 2^ = 
giiiV-i^^-Jiii/ZT ^i^ ijj^ gmn Qf ^Q squares of the former 
values, &c. 

25. The roots of the equation «*— j?» + 1 = are of the form 
a and.-, hence if ^c be taken to represent their sum, pe^ repre* 
sents the sum of their squares, pe,, the sum of their cubes, &C. 
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Thus the Theoran is eiven by Waring, in his properties of 
curves ; and implicitly ui the same form by the inventor Vieia, 

The chord oc s 2 sin ^ = . — » (x ) .'. oc, = , — * 

>/— 1 V */ ' y— 1 

This is obvious also from the exponential value for the sine* 

Let us recollect the Algebraic Theorem, that the difference qf 
the n** ponoers qf any two quantities, divided by their difference, ts 
equal to their sum in the power (n — 1), nvanting its co-efficients. De- 
noting then -7== ^^ -^ by a, and dividing the successive 

terms by it, we have 

expressions the same in jsubstance as those given by Vieta for the 
same lines when a = 1 . 

The triangles ocp, oc,p, oc^^p, &c. are represented by the quan- 
tities 

but the triangles are also as the perpendiculars en, c^n^ c^^n^^ ^sN^ufi 
&c. .•. the perpendiculars are represented by these values. 

The versed sines on, on^, on^^, &c. are denoted by the quan- 
tities 

as appears by considering that^c \ con C7ix no. 



and 
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26' The e^onential values for the cosine are used by Wood- 
house in his Trigonometrj to sum the series 

« 

cos^+cos 2 A+cobSA cos n A 

by summing the two Geometric progressions^ 

*^* + *' +*^ «•? 

* u + r* + *^ • P } • 

A similar method might be used for the series 

sin A + sin 2 A 1 sin n A, 

by summing the series 

+ i?*+ «" } 

and 

^ (1 1^ 1 ^ 

Woodhouse fears, however, to apply it to this latter series, lest 
he might introduce imaginary symbols. This objection will doubt- 
less seem ludicrous to the student who knows the true meaning 

of the quantities x and - • The method for both series is de- 

cidedly inferior to that given for more general ones in the first 
chapter of the second part of this treatise. 

27* Two very important questions remain still to be discussed 
in this Chapter;—- 1st, To deduce expressions for the sines and 
cosines of multiple arcs in series of powers of the sines and cosines 
of the simple arcs ; and 2dly, Expressions for the rfi^ powers of 
the sines and cosines in terms of the sines and cosines of the mul- 
tiples. 



^^ 
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The developementfl given in page lOS of this work would com- 
pletely resolve the first of these problems^ if our object were 
merely to obtain values for the sine and cosine of a multiple arc, 
by means of the powers of the sine and cosine of a simple arc, 
their onlv inconvenience, (an inconvenience resulting from the 
nature of the case,) is that they would not terminate if the index 
became fractional or negative. They contain, however, at the 
same time, powers both of the sine and cosine which seems an use- 
less complication, and one •*• that ought to be avoided. 

From the Theorem of De Moivre, we shall proceed to deduce 
series a priori^ to remedy this inconvenience. We have from it, 

2. co8«a?=(cosx+ V — 1. sin xf + (cos jt— v — !• "^ ^T 
%&nnx^ ^(cos*+^ — 1. sin x)*— (cos a: — ^-r-l. sinx)* > » — 

Substituting |7 for cos jr, and q for sin x^ the former becomes 

9. cos »j?=(p4-\/p* — 1^* + (p— ^j}*_i)* 
which we shall first proceed to discuss. 

Let 

for p substitute ^^ then multiplying both sides of this equation 
by «", we have 

expanding by the binomial, the first thing obvious is, that there 
are no odd powers of «, and .•. that JB=0, Z)=0, &c. next 

— 2^^ + -7-+ -J—- -J- + &c.; =— n. 2-*=:(7 
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n. n-^3 



-.E 



1+-1- +-2-— +&«•)= - 



«.(« — 4).(B — 5) ( , ^»z::5 , w-S n— 6 

•" 4. S 

, restoring p for — , and arranging the terms, we find 

(p + s/P^^T =:(2i>)- - -y (2pr^ + ^^^. (2i»)» 
n — 4. » — 5 , ,_. , „ 



It Still remains to expand 
now it is obvious that 

the expanwon of which is had from, the preceding by merely 
changing the sign of n; .'. the complete deyelopement of the 
cos nar is expressed in a compound series, as foUows : 

n, n— 3 , _ . 
2. cos»«=(2i)y--».(2ij)»-«+ -j-g- . (2i>)-*— &c 



"^-^-f &c. 1 



ft. (n+8) ^ ^ 



If for 0?, weuse (5— «V we obtain from this series the two 
following : 
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I* If n be odd, 

d:2.8in««r:(2g)»— n. (gg)—^. "'^"^ . {2qT*—8ic 

+ (2?r"+»(2?r^+ &c. 
2» If « be even, 

± 2.cosn*=(2y)»--n.(2y)'^-t-~^ . (2^)"-^— &<> 

+(2g)- + « (2 ?)-*-«+ ~i^. (2y)— -^^Stc. 



[(2) 



KS) 



The value of 2. sin nx given by De Moivre's Tlieorem, if treated 



as the above, may be developed in a series descending by the 

powers of the cosine. Such a mode of proceeding wonld be nu- 

:atoiY and useless, when the same developement can be obtained 

ly taking the differential of both sides of equation (1). The result 

thus obtained being divided by ndx, gives 



sin »*=y {(2i>)^M«— 2)(2i>)-»4i5-|l|=^. (2i>)^— &c}j 



— ? 



5(2j))— »+(»+2) (2^)-<*-»+&c. I 



h) 



In this substitute-^ — x for x, and we obtain, 
1<> Knbeodd, 

±cos nx:sp J (2 j)»-^— («^2) (2 qY^+ &c. ? 

-P I (2 ?)-*-^+(n+2) (2 j)--^+ &c. } 
2o If n be even, 



^(5) 
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±8innxssp^ (2 })P-»— {»— 2) (2 ?)— »+ &c. i 

— jp < (2 y)-*-*— (»— 2) (2 ?)-*-'+ &C, > 

It has been usual to deduce the series here given by the aid of 
an higher calculus* Perhaps the complete developements have not 
heretofore been effected by elementary Algebra. 

If the reader refer to the methods of deducing them in Lagrange, 
Lefons sur le CalcuL des Fcmctions^ page 126; in Lacroix, Calc. 
Diff. torn. I* page 264 ; or more particularly iu the latter part of 
T^)oodhouse's Trigonometry, he must allow the method here given 
to be at least extremely simple. The method of Cagnoli is not dif- 
ficult, but as it gives only one-half of each compound series, the re- 
sult is incomplete, and .*. false. The same objection holds against 
Woodhouse's method, by induction in his third chapter. For in- 
stance, from the series of Cagnoli or Woodhouse, we have 

1 I 1 

co8X=cos^-j;;^3^-^-g;-^^^-g57^^^ &c. 

a ialse result, as all others would also be for every value of n. 
From series (1) the result obtained is 



cos^zrcos^- 



4. cos a:~l 6. cos'^ ~ *^' i 

1 _J f 

'4. cos a;"^ 1 6. cos^or"^^^* } 



This imperfection deserves to be attended to, for it clearly shews 
how little dependance we ought to have on an induction gathered 
from particular values. In fact, as long as we only consider par- 
ticular values, they may introduce into the calculus, reductions or 
simplifications which have no place in general. 

The natui^e of the compound series (1) is such, that^br n an in" 
ieger, the indices continuallv diminish, and some of the terms at 
length vanish, but they agam return in the first member of the 
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equation, and are after that destroyed by the terms of the second 
series, so that in this case the second series is useful, merely as 
shewing that the first is finite. 

This will appear obvious, by writing the series (I) in the follow- 
ing form : 

n ^ (3— »).« ^ (5— n)(4— w).» 
2.COS «x=(2i?)*--j-(2i')*^--i:F"-(^^) T.ks~ -(^^^ 

(2 m—1 —n) (2 m—2—n) {m+ l—n). n ^m 

^ ••••• TsTs m • ^^P^ 



From this state of the series, we may perceive that the negative 
exponents will not begin to appear untd 2 w > n ; but there will 
always occur in the numerator of the general term an evanescent 
factor, as long as m will be comprised between n and \ n ; make 
then 

m =: 91, m = » 4- 1> »i = » + 2, &C. 
and we obtain in order the terms 

-{2i>r» ni^pr^-S _±i^jti).(2j;)— ^, &c. 

which are the same as the terms of the second series with their 
signs changed* 

This agreement of terms does not happen when n is frac- 
tional, and then all the terms of each series enter at the same time 
into the expression for cosnx, which then goes on to infinity. 

Euler first explained the difiiculty presented by tlie develope- 
ment of cos ;2 jr. He proceeded by the integral calculus; and 
Lagrange subsequently, by the theory of derivative functions, ad- 
vanced the subject much farther. 

28. We shall now proceed to develqse sines and cosines of mul- 
tiple arcs in ascending series. As before, we have 



2 cos «J?=(p+\/p«— l)»+(p— V^p«— 1)» 
The former of these expressions may be written 

and the latter, 

Let us proceed to develope these expressions separately. By 
the binomial Theorem we have 

1.2.3 (^^»-^'y^• (TZT? + ^'l 

Denoting the several consecutive terms of the series within the 
brackets, in the right hand member of this equation, by the cha- 
racters (^), (B), (C), &c. we have, by the binomial Theorem, the 
following series : 

n n n—2 n n—2 n—4i 

,^ w.n— l.n— 2 __PL_ f, «— 3 n—3n—5 J 
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(^= — rm — (7=i? V-T •p'+-j*'-:r'p'S 

ti. n—\ . n—2. n—S. »— 4 P* . « (n— 5) 1 

(^= — rrrri — •(;7=ir'i'~V'p + ««^ ) 

,„ n . («— l).(».-g).(n— 8X(»— 4). (n-^) P* r, (n-6) J 
(<5)= 1. 2. S. 4. 5. 6 (•Zi;«* t^ i~^5 

ss ••• ••• ••« ••• ••• ••• 

Collecting from all t^ese series the like powers of p^ and ar- 
ranging accordingly, we find ^ 

, ^ r np n* 

n.(n»— 1) ^ p^ »»(»»— 4) ^ n.(n*— !).(«*— 9 ), J*^ __ 
2.3 *^/^+ 2. 3. 4 -P + 2.3.4.5 ' \/^ 

«*. («'-4). (n*-16) 7 

2.3.4.6.6 ^ -r«t.^ 

Or dividing this expression into two series, we find 

Since 

we need but change the sign of n in the preceding developement. 
This change will not affect the parts within the brackets, but the 
imaginary co- efficients will be changed in form. Changing the 
sign of n in 

(s/^=ri)^ 

we get 
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.•. we have 

+«.(^V'-1) -1^2.3 ».P^+ 2.3.4.5 .p»-&c.| 
Adding together these two developements, we obtain 

"^iir^-^- ^'•^ } +»• I ^^-'^'^ + (- v'^"-' }. 

r („»-!) („»-!). («>-9) . 

K 2.3 -^ + 2.3.4.5 •i'— ««-J 

The imaginary co-e£5cient8 can be ray elegantly transformed 
by the Theorem of De Moivre. By this Theorem we have 

(cob ^=fc\/ — 1. sin ^)» =sco8 »ii=fcv/ — 1. sin nA; 



making Assz* ^^ ^i^^^ 

(=iV^)" = C08 ^=t^/— '• sin ^, .-. ( v/=i y + 
(— \/— 1 )* =2. cos -g- 
Sinularly we have 



(V^IIi)'^i+(— -vZ-^l)*^ =2. cos 



(w— 1). *. 



•*• we have 



cot ««=C08-2 . 1 1— ^. p» + g 3^^ . ?♦— «tO. J 

(»_l)wf (n»— 1) , (n»_l)(n»— 9) . ^ •» ^ 

Thus the question has been completely discussed by pure 
Algebra, without the aid of any higher calculus, and by a method 
too, tha^ for brevity and clearness, will not at least suffer by com- 
parison with any method heretofore applied to the discussion of 
this difficult object 

Both members of the developement {A) are required to ex- 
press the true value of cos ;ix when n is not an integer. 

If n be an integer, and an even number, 
cos«^=±{l-y.|,* + -j^.^.jp4_&c.J (1) 

If odd, 

cos 710.= ^n.{p \^^'. P' + 2, 8/4! 5, 6 '^"^^ V^^ 

The upper or lower sign is to be used in the former, as n is 
pariterpar, or impariter par s in the latter, as (n — 1) \&pariter 
par 9 or impariter par. 

Differentiating the two members of equation, (^, we find 

nir C n. (n* — 4) , 1 -v 

sm wa?=gr. cos -g-* | — np+ — ^^ — '• p^ — &c > i 

+y.cos— 2— 11 ^-.p-+ ^±^ ^P'-S) ^ 

In this, as in the former, if n be not an integer, all the terms 
will be required to express the complete developement. If n be an 
integer and an even number. 



sin nx=:: 
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If odd, 

r (m»— 1) . (n»—l ).(»»— 9) . 7 . 

8in«*==*=y. {l-^-^^.j,»+^ ^^ -V-SUJ.} (♦) 

These four series may easUy be converted into others, as fol- 
lows* Series (1), if we substitute (|«-—ar) for ar, and recollect 
that n is an even number, is converted into the following: 

cosnar===±=|l-2-.j* + -2h^ J (5) 

Series (2) similarly treated, since n is an odd number, gives 

From series (S) and (4) we have 

==*=/'• ^1— 2 ^-g + — 27574 -J^— &C.}. (8) 



COSTtjr 



Thus we find in all, fourteen series for expressing sines and 
cosines of multiple arcs, independant of the two that have been ^ 
given in (Art 3.) of this chapter, thus furnishing as complete and 
as uniform a collection as any that has yet appeared on the same 
subject 

The enumeration here ^ven, accounts completer for the di& 
ferent results obtained for smes and cosines of multiple arcs by 
different authors. Previously to the subject having undergone it 
complete investigation, the most comprehensive series was that 
given by Newton.* It was as follows : — 



* Epistdd ad (Hdemburgiumf daid anno 1676. Of this series 
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Let d be the diameter of a drde, a the subtense of the arc {2z\ 
and m the subtense of the multiple arc (2nz\ then 

1— n* a» ^ (9— n») a* ^ « 
~='»«+ ITT* rf^- ^ + "XT . ^- ^+&^- 

where if, J5, &c denote the first, second, &c« terms of this series 
respectively. This series was resolved into two by Euler, and 
also implicitly by Simpson^ as is shewn by Frisius in his Cosmo- 
graphia. 

29. We shall now proceed to the second of the problems an- 
nounced in (Axt. 27.) of this chapter. 

It is essential in the integral calculus to be furnished with ex- 
pansions of the n^ powers of sines and cosines, and these expan- 
sions it is the proper business of Trigonometry to furnish. We 
have already discovered that 

2COS-4 s= H^-i+£-^^=^, 

and 

2. sin -4 = -7= (e^^-i — e^^^'=^). 
V— 1 

Denoting e^"^-^ by the character j?, for the sake of brevity, we 
have 

2*cos»^ = (a?+j)", 
and 

Expanding^ 

72-— 1 n 1 

2».cos»ufsr«*+n.a?— «+n,-j-*a-^. +^ +^ 



Paulus Frisius makes the following remark: — " Elegantissimam et 
fimdamentalem banc formulam quae Bernouillianas omnes, Simp- 
sonianas,et Eulerianas simul complectitur, primus omnium exhibuit 
Newtonus.**-^Pdirfi Frisii Cosmographioj torn. I. page 171. 
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or, collecting iftto pairs the terms b^;umiag at each extremity, we 
liave, if n be even, 

2-.corf'J= («-+Jr) + «.(«^+^) 

«.« — 1.7J — 2......(« — 2 + 2) n.n — l.n — ^2.....(»— s+l) 

_ _^, + -)+ 

But from the nature otxj 

2cosnil=!«* +^ 
A this becomes 

2*.co8"^=:2. \ co%nA + it. cos (n -— 2) ^ • •• 

n. n — !• n — 2 (2+^) O ^* ^ — ^* ^ — ^ ••••••G+ 

» 5 "w • 

This last term may be written 

^n.«-l. n-2 g + l) 1.3.5.&C. («~ 1) 

22 • — ^ ^ 

which, by erasing the common factors in^ the numerator and de« 
nominator, and incorporating the odd digits in their natural places, 
becomes 

gsi. i !• 

n 
1-2.3 2 

Hence the reader may deduce that 

in \ 
n.n — 1 •••^•••••f.^ + I J 



2« = 



!• 3> 5«»f ttf f vitttttf ft* ^w— ly 
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If n be odd, 8*.cos"il = 

;^„-_,.„_2 p±^) 



ft— 1 

1-2.8 -5- 



• ('+a 



•% as before, we have 2**. cos**^ =: 

- w. ,, .- „ — ^ 

2. I cos n A^n. cos (n— 2) >l+ .•. £-. cos -4 1 



«+3 
». 71 — 1. n— 2. 



1* ^« dcftCAt******" 



Again, 2^. sin**^ can be likewise expanded, but differently, as n 
is an odd or an even number. 



If n be even, we have 

If _- w— 1 n 1 1 

2». sin«if =^^=jS |4:*— n. *»^ 

=u73r.{(-+^)-«('-+:i.)+-^('+i)} 

^ V2~V 



J n.»— hn-»2., 



•6+.) 



tv'-i)-, „, 5 ' 



or writing cos n^ for «• + ^> we have 



129 



n. n—l. n— 2 Q + i) 

The upper sign being used if n he pariter par^ and the lower if 
imparii&rpan 

The last term is obviously positive in both cases, since in the 
former its place is oddy and •*• positive^ and it continues so when 

multiplied by ^ — ; and in the latter its place is even^ and •% 

negative^ and it becomes positive when multiplied by ^j— • 

This is obvious^ since the pariter par powers of this quantity are 
positive, and the impariter par negative 

If n be odd, we have 2". sin^^= 

IS 4*3 



(7^ K'^~^)"^('^~^)-* -^M)} 

^ 2 

or, 2», sin" if s 



(IT^lP { vrr(^--i*)---=*= v:zi* ^(*-i) } 

I.—... 2 
But from the nature of ^, it has been already shewn that 

•*. we have 2*. sin^^fc: 
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n + 3 
=fc2 j sin nA-^n. 8in(n— 2)-4+&c.; ...=i= r. sin J j' 

according as {n^l) iBpariter or impariier var^ or according as n 
is one of the series 1, 5, 9, 19, 17, &c. or of the series S, ?» II9 1^9 
&C. we use the upper or the lower sign. 

80. The preceding method only applies to the case when n is an 
integer, and positive. It would be easy to adapt it to any cas^ by 

attending to the fact that (■-+ xY =: (a: + -V, and by taking 

the two developements and. adding them, &c We shall, how- 
ever, for the general case, prefer the following simple and elegant 
method, whi(£ is ^together due to Lagrange. 

Letv=cos*jr, then differentiating^ we have Jy=— n«cos"*'x. 
sin X* aXf whence we have 

ny. smx + -f. cos j? = 0. 

Let us then assume 

y^A. cos ffix-f JS. cos (i»— 1 ) ar+ C. cos (w— 2) ^-f JD. cos (i»— 3)^?+ 

where A^ jB, 0$ &c* designate indeterminate co-efficients. Diffe- 
rentiating this, and then substituting for^ and dy in the above 
differential equation, it becomes 



n.sinJr.{ii.co8mx-}-A cos(m— 1)4;-|-C* cos (m— 2)^4- &a] 

— -cos«{mil sin «« + (w — 1) B. sin (m — 1) « + (m — 2). 
C sin (f» •— 2). x\ 

If we observe that 

sin X* cos mi??: i* [sin (ni+ 1)>— sin (m— 1) «]» 

and 

cos X. sin m4?=i.{8in (m+ 1) ^-i-sin (m-'I). x\ ; 



i.. 
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and that we apply this transformation to all such products, we 
obtain, arranging relatively to the sines of the multiples of x, 

\njl — mA}. sin {m+l)x 

+ {itB— (w — 1)JB}. sin mx 

/so 

+ £«C— n-4— (w— 2) C—mA}. sin {m—l) x 

+ {nD— »JB— (to— 3) JD— (w— 1) JB}. sin (: 
+ &c 

Equating to zero the co-efficient of each sine separately, we 
obtam, 

(»— w). AzzO 

(n— m+l).S=:0 

(n— m+2). C— (n+»i). A=:0 

(n—m+S). D— (n+Jw— 1). B=0 

(n— m+4).JB— («+w— 2). C=:0 

The two first of these equations cannot be satisfied by making 
^=0 and jB=0, for this supposition would render nothing all the 
subsequent co-efficients; but by making m=;t the first equation 
may be verified, A remaining indeterminate^ and the second gives 
A=0 ; thence we have 

^ 2n ^ ^ 2« — 1 „ „ 2n — 2 ^ ^ 
C= -g • ^; 2) = — g— . 5; £=— ^. C; &c. 

Introducing all these values in the series from which we set out, 
we obtain 

cos*«=^ I cos no; + j.cosCn — 2)j?+ ^ ^ — ^.cos(»-.4)dP-h&c. i 

to determine -4, let x=0, then we have 



132 



1 = ^. ^i+j+^^^^—i^+ac. }=^.(l + l)«s^.2« 



•*• ''^ =* gS" 



Wh^n n is & positive integer, the values beginning at each end 
unite in pairs, so that each «ide of the eauation is then divisible 
by 2, and thus we obtain the series already given. 

The series for the sine may be deduced a priori like that for 
the cosine f or may be had from the latter, by using (I**— x) 
for X. 

SI. It may be necessary to remark, before quitting this chapter, 
that if the ima^nary formulae given in Art JS) bad been proved 
by the differential calculus, the whole of Trigonometry might 
have been founded thereon, independantly of Geometrical con- 
siderations. Multiply the expressions for sin x and cos z ; mul- 
tiply also these for cosx and sin z ; add the products, and the re- 
sult is 

sin X. cos z + cos x. sin «= — a -.^ — =:sin (x+2;); 

and from the value of sin {p + z) thus obtained, may be deduced 
analytically all the formulae of Trigonometry. This reasoning is, 
however, sophistical and illusory at bottom; as there is no known 
method of differentiating a sine or cosine independantly of geo- 
metrical considerations, unless we assume the developement of 
sin (« + z). 
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CHAR in. 



DECOMPOSITION OF TRIGONOMETRICAX. LINES INTO FACTORS, IN 
FUNCTIONS OF THEIR RESPECTIVE ARCS — CONSEQUENCES DEDU* 
CIBLE THEREFROM — APPLICATION OF THE TRIGONOMETRICAL 
CALCULUS TO THE DECOMPOSITION INTO FACTORS OF CERTAIN 
ALGEBRAIC FUNCTIONS — ^THEOREMS OF < COTES AND DE MOIVRE/ 

1. Formulae for the sine and cosine in terms of the arc have 
been already obtained in the preceding chapter, we shall accord- 
ingly proceed to determine the roots of the equations. 



°=*~r273+1.2. 3.4. S~**^» 

and 

a* «* 

or in other words, to decompose sin x and cos x into their factors. 
Now since sin or vanishes on the several suppositions of ar=0; 

XXX 

x^z±zw; xsidtzQir, &c. it follows that^; 1+-; 1 — ^; ^ + 2^^ 

1 — 5- ; &C. must be factors of sin x. Again, since these are the 

only values lliat render sin x zero, its expression can admit no 
other factors, functions of J^, and therefore we must have 

sin «=:^. X. (l — -A* (l -— r-A &c. ad inf. 

sin ^ 
Now as X diminishes, approaches unity as its limit, and there* 

fore we must have -4= I, and hence 
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Similarly since cosx vanishes on the several suppositions 

«==!=-; «=l=—,&c. 

and approaches unity as ics limit when x decreases to zeroy we 
must have 

cos*=(i_tJ). (l-^). (1-21J) &c 

2. These singular results are susceptible of very many transfor- 
mations, and admit of several important consequences, which we 
ahall now proceed to discuss. 

From the value already obtained for sin jt, we have 
. mw miff i«»\ / w*\ / wi*\ / »«* \ « 

If m this formula we change — mto ^ — — , we shall have 
. /ir mw\ mir 

•"U — «)="'—= 

'\* nJ 1.1 2.2 3.3 

. 0-^) 0+^) i'-m (»-^^) (^-^) ('^^) .. 

2 2. 2 4. 4 66 ' 



»^ 1.3.3.5.5. 7>7>&c. 
"2* 2. 2. 4. 4.6.6. &c. 



(»-lJ5rj (i-^) (1-25^. j. &c. 
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But from the expression already found for cos x^ f usbg for x, — ^\ 
we have 

Comparing these values for cos — , we have 

w 3. 3. 5. 5. 7* 7* &c> , » 2. 2, 4. 4, 6. 6. &c, 

2* 2. 2. 4. 4. 6. 6. &€•"" ^' * '^''S.S.B.B. 7. 7. &c 

which singular value is due to Wallis. — (Fide opera ejus, page 256, 
Vol. II.) 

These values for the sine and cosine are due to the celebrated 
Euler, who deduces from them very many important consequences. 
The logarithmic values of the sine and cosine can immediately and 
rapidly be formed from these series, as the reader will find in an 
after part of this treatise. 

S. Using for anx and cos x their exponential values, we have ^ 
or making «=s -7=, we have 



+ &c. 



1.2.3.4.5 

Agam, from the value of the cosine^ we obtain 



^+^^ 



2 

&C. 



'+lPr) (1+9;?) 0+i6;?)&«=» +1:2+ 1:2X4+ 
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These developements lead very simply to the summation of 
some numerical series. In general, if any series 1 +jtz+Bz^'^ 
C«H&c*=(l+««) (l+^«) (l+v«) &c, then from the nature of 
equations, 

Bssap+ay+I^Y+kc. 

C^afiy+ayi+fiyi+kc. 

&c» &c. &c 

From these, by the nature of equations also, we are furnished 
with expressions for the sums of the powers of a, /S, y, &c. as 
follows :^- 

5D+2B*i &c. 

Returning now to the expansions, and using for u*, w^z, we 
find 

'+i::T3+i:2:8ri;r5+^=(^+*Ki+i«)(i+i*)(i+TV*)&c.; 

comparing this with the theory just giveD, we have 

'^- 1. 2. S' ^ - 1. 2. S. 4. 5* *^ 
and 

0= !,#=: J,y=:^, 8CC. 

I* we Itave the fbllowiog series : 

^+1+1+1^+**" = ? 

Ill 9* 

111 ** 
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* +4^+94+16^ ■T"*^* - 9450 

l + 4j+9S+j6S+«c-= 93555 
&C. &c« &c. 

This summation may be continued to an indefinite extent^ and 
from it we may perceive that the sum of the series 1 +oim.+ 3ni+ 

^j^+&c. depends on the perimeter of the circle* 
The series for — g — using for w*, 5r»«, gives 

^ + 1.2. 4 ' 1,«.8.4.4* + 1.2.3.4.5.6.4f5"*"^*"" 
CI +«)(! + i^) (1 + 5V») (l+l?&«) &CV 
Ckmiparing this with the general theory, we have 

sr* ir4 li^ 

-^-'h2.4'^~ 1.2.3.4.4*'^ ^ L2.a.4r.5.6.43 

Hence we have 

l+9.+25» +49» *«• - 1. 2. S' 2» 

1 1 , ^ fl, 16 irS 

* + 95+i65+49» **• = 1.2.3.4.4* 2' 

* +9*+ 2»*+49* **^ - 1. 2. S. 4. 5. 6. 7* 2» 

&c &C. &c. 

T 



;^3 

Thus we can find the Mm of 1+ ^+5^ ^ + *c- ^^^^ ^^ 
pends as the preceding upon the perimeter of the circle* Taking 

5=l + ^ + ^+^ + ;gi^ + &c. 
9nd 

Denoting the sum of the even reciprocal powers by X, we find by 
subtraction 

Subtracting 2X, or ^^^om S, we have 

with the signs alternately positive and negative. 

4. From the decomposition of-' — 5 — > we may deduce that of 
^ ; for we have 

1^ — ^ = e*C'+*).--^ ^ r = 



— — — -— e*^*"^'« ■ g 



.«.(, + (fM').(,^fc^^ 
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3*. --:s— s;«*t*-H*). - 



2 






4* '^ - • ±;c*(^y. 



If we make in these results ,y=:0, we have 

^ +'=e»'. (l + 5). (l + ^). (l + 2-0)&c. 



2 



From these values we have 

Let x^u. ^^^y ^yzz — v. ^^, then we shall have' 

e'-^hJ^.erhf^ g(<^)V^-f-g»V-^ _ cos t?+cos {u — v) 
e' + l ^ e-v'^+l *" 1+costt "" 

. , - - . / 4f«tJ — ir*\ / 4fUX) — »*\ ^ 

cosv+iaiiiu.sinv=:\\+—rz^y V +9*^*— w»/' 

1+^)- 0-;^J- (i+g^^z:;:). 0-3-;rr«> *^ 

Now if we substitute in the expression cos t> + taniw* sint;, — 



zw 



Zw 



for Uy and ^I for v, and reduce into series the quantities cos ^r- 

and sin ^, we shall obtain 

^ ft 
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1 

0+;rb)- 0-^* 0+si;;)* 0-3;n:;j) ««^ 

From Che identity of these two series we can, as in Art. S. of 
this Chapter, find the srnn, sum of squares, cubes, &c. of the 
series 

1 1 1 1 

and the sum is equal to g^. tan g^- 



A similar investigation applied to , . would give 

tr^ t«sr 1^ i I 

2»- ^* 2n""w"~2ii— OT+2 »+»!"" *^ 

Adding together these two sums, we have 

TO+n— m~n+i»~2n— f»+2ii+OT+3»— i»~*^*""n*^^^^®^ n * 
Subtracting the same, we have 

11 1 \ \ ^ fc trnc 



m n — m^n+m 2n — m~2n+m 

This subject might be carried on to a much greater extent, but 
such a proceeding would lead us too far from die direct object of 
the present treatise* 

5. If in the expression already found for the sine, we write for «, 
2^, we obtain 

. mw m* 2n — m 2n+m 4m — m 4n+i» ^ 
**"2»"-2n 2» 2« 4» 4» ' *^" 

hence we have 
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w_ . war n^ 2n 2n 4n 4m 

2"-'"^ 2n* w* 2n— m 2n+m 4n— wi* 4n+w' *^' ^^^ 

In which, let us suppose m=n, and we obtain 

w _ 2, 2. 4, 4. 6. 6. &c. 
2 "" 3. 3. 5. 5. 7. 7. &€. 

which is the expression of Wallis, already otherwise obtained.' 

The expression for the cosine, using for or, -a^y becomes in like 
manner 

mw n — m^ n+m Sn — m Sn+m 
^^2»'~ n n ^ Sn 3n » *^ 



Dividing these expressions for the sine and cosine, and inverting 
them, we obtain, recollecting the value of «> the four following 
series: 

mw m 2n — m 2 n+m 4n — m 4 n+m ^ 
2n ""n — m n+m 3 n—m' 3 w+m 5 »— m* 



mw »*— m 
cot Ti^ss 



n+m 3n — m Sn+m Sn — m ^ 
In — m 2n+m 4in — m 4n+m' 



m , 2 



m^ n n Sn ^^ ^ 

"•^Sn^^n— m n+m 3n — m 3n + m' 



mir^2n 2n 2n 4n 4n 

^^®^ 2^"* mi' 2n— m' 2n+m* 4n— m* 4n+m» *®' 



or eliminating^ it becomes 

m^r n n 3n 3n 5n 

^®®^ 2n ""m* 2n— m* 2n+m* 4n— m* 4n+m» *^' 

These series may evidently be all written in two forms, reject- 
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iilg or retMniirg the qoantlty z^; for instance, by ditmhatnig3» the 
above value for the sine may be written 



mir m 2n — m 2n+m ^n^m 4n+ni 



8in^-r= 



', &c. 



The reader will find them in both forms in pp. 450-452 of 
JLacroix TraitldtOaiad D^.tom. III. 

1 
Kin 8eri€6(.^) we ra^e— =x|,.wc have nln^pr = -j^^ .*. 

we have 

2"" ^'3.5. 7.9. ll.&c. 
from which, substituting, we obtain 

^- _ 2, 2, 6. 6. 10> 10. &c, 
^ ~ 1.3. 5. 7. 9. 11. &c. 

This singular expression has not been as yet otherwise obtained. 



If we make — = ^ we find 
n 



J9 



5 _ 3^ e. 6. 12. 12. 18. 18. &C. 
2 "" 2* 5. 7. 11. 13. 17. 19. 23. &c. 

Other similar values and expressions might be obtained, ad 
libitum^ but we shall pass to more interesting matters 

6. Any one of the above formulas might be so ordered as to give 
the Trigonometrical line for one arc it we know it for another ; 
for instance, we have 

. isr * 2n—k 2n+k ^ 
sm^s- — - — • — - — ^ &c. 

. ma- ^ X:^ m 2n — m 2n+m 4« — m 
'• «n 2^™-2^ • r 2^r=I' 2M^' i^n^' **=• 



7. The^Jgononietp:icaI c^lcdlHs 9ffQtd»wwfMi$^4eepiaipmit 
into %tors the Algeb^w lequatiws 3f*%^2y»^jCp^J4-lwO, an 
y*=ii:l =0. For this purpose we shall follow the very elegant wfl 
simple analysis of Lagrange. By what has been already proved^ 
we^may write 

J i 

2co8»=y+~, and 2co8n2;=y»-f--;i ; 

or, 

xfi — ^2^co8z+l=0, and^"— 2y» cosnz+lsrO; 

now from the mode of forming these equations, it is obvious lliat 
any value of j/ that satisfies the former of these equations, will also 
satisfy the latter; but tiie former of these has two roots, on6 the 
reciprocal of the other, which •*• are also roots of the latter ; /• 
the former equation is itoelf one of the divisors of the latter. 
Assuming n^ssSmir^}, we have 

COS nz = cos#, and z = — - — , 

•Vthe factors of the second degree of the equationt^*— 2y*. 
cos i+l =0, are comprised in the formula 



7/*—?y. cos — - — + 1 =50, 



.*. we have 



(y~2j/,cos^%l). (y— 2y.cos*-^+l). ^ (1) 

(y«— 2y, co8-^+l)..-(y»— 2^. cos-^^ ^ +i;. 

It is « obvious that the preceding series is justly terminated, for 
if we tak^ in otb^r si^ibsequent factors,^ we would obtaii^ those al« 
ready foijnd ; for instance, we cannot have the fkotor 

!f^—2y. cos -^-^ — -+I^ for cos -^ — jj~*- =cc» — j^ » 
one already introduce.. 
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The number of hcUm obtained is n, and /• the number of the 
roots 2fh as ought to be the case, the order of the equation being 
2n. 

If )=:0, in this developement, the first factor becomes (jf — 1}* ; 
the second fiu:tor becomes the same as the last, since 

2* 2(11—1)* 

cos --- =: cos — 

n n 

•\ they unite into the single factor 

(y*— 2y. C08-£+l) ; 

the same happens with respect to the third and second last, •• ex- 
tracting the square root on both sides, we find, if n be even, 

y— l=(y— 1). (y— 2y. cos^. +l) (j^+1) (2) 

if n be odd, we obtain 

y— i=(y— i).(y— Sjr- cos - +lj..(y_23r. cos— il--i-+ij(«) 

If }=«, the left hand member of the equation becomes (y* -f 1)% 
the first and last factors on the right become the same, as also the 
second and penultimate, &c., A we hav^ if irbe odd, 

y*+I = (i/*-2i(. cos^+l)- (y»-2j,cos ^+1) (y+1) (4) 

if n be even 

y+ 1 = (j^-2j^cos^l)-..(y-2i^. cos^—i^+l) (5) 

8. The equation ar** — 2 a* 3^. cos >+fl»=0 is decomposable inta ^ 
&ctors by the same method, for by simply dividing its roots by a» 
we obtain 

y»_2y». cos) + 1 = 0. 
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The expression for y*=pl=±0 in factors is announced in ^0 
works of Cotes as a property of the circle. It was le(l by the au- 
thor amongst his papers, and was saved from perishing by Smith, 
the editor of Cotes' discoveries.* 

The further extension of the Theorem to the equation 
y» — 2y*. cosl+1 =0 
is due to De Moivre. 

9. From the Theorem of Cotes, M. UHiiillier, of GeiieFa, has 
deduced very many simple and elegant consequences, some of 
which we shall now proceed tp discpss. 

The &ctors off*"" + a*** are all of the form x^ — 2 ax. cos x+a* j 
making j?=sfls;;l| they be^come 2. (1-^cosa)=4'. sin*|A; and we 

liavea:*'»+a*'»=2. Writing then for a, its values g^, g^, &c. 
and extracting the square root of each factor, we shall find 

^2 = 2-.8m— 5.sm— 5.sm2^.5...sm-2^2 ^"^ 

The formula a?*"""*"* +a' •"*'*, independant of the trinomial fac- 
tors, X* — 2axj cosA-f a^, has a reid factor of the first degree^ viz. 
(x+a), •*. vire have 






I 



The iibraMla j#^— a«?^ liafi a &ctar {ir^-r«i*), wi (m—l) othfsra 
rf tlid form x^-^ux. eoBh+jo^. I^VMliog s^'^-rr^^ by i(^*-Ta*i 

a?»«»?-« + ar*"^. a* ....... *.*...-a*'«^. 

* ^vocayi tandem «b interitu Theorema pulcherrimum.— 
^^i Ifqxni. Men$. p^ge 113, prefatio. 
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This quote, when ar=:a=l, becomes m ; and compared with the 
product of {m — 1) trinomial factors, it gives 

If we take the factor {x — a) from the formula ^***+* — a*«»+S we 
shall obtain, on the supposition that d*=a=:l, 

V2^+T=2<-. sin (5^. I) sin (g^- 1) (D) 

From inferences such as these, by the Theory of limits, M. 
Lhuilier has deduced the decomposition into fiictors of the quantities 

— 5 — and — 2 — , which we have already otherwise deduced. 



CHAR IV. 



ON THE USES AND APPLICATIONS OF TRIGONOMETRY IN THE OTHER 

SCIENCES* 



1. The formulae of Trigonometry, originally intended for the 
solution of triangles, have, since the advancement of physical know- 
ledge and the consequent extension of mixed matnematics, been 
found so extensively and powerfully usefid in the other parts of 
science, that its original object is now become one of the least of 
its applications. Tnis subsidiary use of our science it is the object 
of this chapter to elucidate ; but no reader who has not extended 
his views into other parts of mathematics, as well as into the Astro- 
nomical and Physical sciences, can form a notion of the advan- 
tages resulting i^om a dexterous and skiliiil application of Trigo- 
nometrical formulae. We have already seen some instances of 
their use in the solution of Geometrical Theorems and Problems, 
and though this application does not exactly harmonize with the 
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natural, or at least the established order of instnictioDy still in 
cases where Geometrical evidence cannot be obtained at all, or not 
without difficulty, analytical investigation by the formulae of Tri« 
gonometry ought to be applied. 

2. We shall introduce as an additional instance to those already 
given, the method of inscribing a polygon of seventeen sides, 
which is due to M. Gauss. The side of the polygon of seventeen 

sides is twice the sine of half the arc it cuts off; let f = -yi- =:=-=> 

then we shall proceed to determine 2. sin r=, the side of the poly- 
gon. By Art 1. Chap. I. Part II., we have 

cos f -I- cos S f + cos 5|<P+ cos 7f + cos 9^ + cos 11 f 4- cos IS f -f 

since Azzf; B:=:2'lH and(n — 1)=:7. Dividing the terms that 
compose this quantity into two sets 

jrscos S f +COS 5 f +C08 7 f+cos 1 1 f 

yszcos f -l-cos 9 f +C08 13 f+cos IS f 

we shall have in the first place x+^=i; next by multiplication 
and substitution of products of cosines for cosines of simple arcs, 
we obtain, i^r reauction 

dry=:2. (cos 2 ^+cos4 9+cos 6 f cos 16 ^) 

or, since cos2f= — cos 15^; cos 4^=— cos IS*, &c. we have 
ar^= — 2. (cos 15 f +cos 13 *+ cos f ) 

but as above, the quantity within the parenthesis =: |, vV we have 
*^=— 1. Hence we obtain 

1+^17 . 1— -^ir 

^=-4— ^^=-^-4 — 
Again, dividing x and ^, each into two parts, viz. 
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S =:C08 Sf +COB 5 9 «=C08 f+COB 1 S f 

^SSCOST^ + COBU f XS:COB9f+COBlS^ 

we shall find st^ — i; uz:sz — ^, and /• we shall be able to find 
die four quantities s^tjts^x. 

Agiun, kndWing lliat eos ^-fcos 15 t^u; and ^At ssscmS^^ 
C065f =2«co84^. cosf = — 2. cos ^. cos 13 f, we can eliminate 
cos 131^ and find cosf in terms of j and tu Henee we have 
sinfy /t&c. 

M. Gauss has demonstrated the following very general The- 
orem:— 

<* If the number n is prime, and (n — 1) the product of the prime 
fitctors If* ffi 5^9 &c* the divisions bf the crrcl6 into >» e^al parts, 
may always be reduced to a equations of the second degi^ fi of 
the third, y of the fifth, &c." 

S. Trigonometrical formulae may be successfully applied to fii- 
cilitate the computation of the roots (rf* Algebraic equations. 

1^ In solving quadratic equations. If the quadratic be of the 

P ^ P ^ 

form «* -f ^ir— ^ the roots are g tim ^* tan ^ ands— s- tani^, cot g, or 

are equal to ^^. cot gand— ^y, tan^; according as p or j is 
eliminated by the equation tan*^ = -^ from the Algebraic expres- 
sion for the roots -g- =1= v v- +.g. 

If of the form **— j>*— 5^=0, the roots would b^ of flie saine 
form as the preceding, but with both the signs changed. 



If of theformx»^-:P*+jJteO, thai *ss|| 1 r!rViZ-t?| , 
putting|f= sin*^ xssp. cos ^and jh sin^» 



or 
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If of the fonn x*+pa+qs:0 the roots are the negative of the 
pfecediiig. 

This method of solution is convenient only when the quantities 
p and q are decimals, as then it is useful to be able to compute by 
logarithms. The reader may apply the calculus to the following 
equations, x*+^.x=: t^^, whose roots are ^ and — «§, and 
«*+ 1 3,56 X— 72,31 = whose roots are 4,02557k and —17,6556. 
Both results may be verified by adding the roots, and seeing that 
they make the co-efficient of the second term with its sign 
changed. 

2^. The roots of cubic equations may also be rendered easily 
calculable by similar artifices. 

In the cubic equation ^^+P^+?=0 put ^=2? — ^, and the 
equation becomes sfi-^gz^^a^ whence we have 



2 ^ 4—27 



. « ss V , — 
2 



2+ ,+,,+ 3^—-^^, 

2^^ 4+27 



and multiplying the second term m this value of x above and 
below by 

2 4+27* 

we find as follows 

«^ 4^27^ 2 4^«? 

This is Cardan's foraaoIa^IedHced ia pa>baps the skqplest man- 
ner, which w6 shall now proceed to adapt to Ipgarithinlc com- 
putation. We hare evidently ^ «.««uicwm 
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= v_„(,_y;:;S) + v_,,{,+y.+^.) 



now let tan*5=2=-j, then 



now put JB=2 ^^Pj then 

^^ - 8. tanJ5* 
by substitutihg which 

i JRP ^tenTB — ' ^^otTS} 

now 

cot A — tan A 
cot 2 A = r^ 

and •% if tan -<<= ^ ^tan|^, we have 

or = — JR. cot 2 A, 

Thus by means of three very simple equations we can compute ^« 

If the equation to solve had been of the| form x^+pj^ — y=0, in 
the solution, — iq would have become positive, and thus this final 
result would have been the same as the above, but with a contrary 
sign. 

In the form x^^^px+q^ we have in Cardan*s formula 



151 

putting 27^ ^ sin^ J? ; which by a contriyance similar to the pre- 
ceding can be reduced to the form 

X s — iZ. cosec 2 Af 
and thus x be found as before by three equations. 

If the equation had been of the form x^ — -px — ^=0, this solution 
would be tne same, but with a contrary sign. 

p^ g* 
In these two latter cases, should it happen that 07 > X ^^^ ^^ 

pression derived from Cardan's formula is of an imaginary form, 
although 07 > X ^® *^® criterion that the three roots are real. 

This, called by writers on Algebra the irreducible case^ would, ac- 
cording to the preceding methods, involve us in the developement 
of imaginary results. There are, however, two very simple Tri- 
gonometrical formulas which apply to this case. 

1**. For the case «'— px-{-j=0, we have 

sin8^=:Ssin^ — 4sin^^ 

whence 

SR* R^ 

sui^A — — T— . sin ^+ "4~- sinSi<=0, 

with the radius R. By comparing this with the given equation, 
we have 

« ^* . ^ 

jp={. ii*, j= — . sm 3 Aj 

hence we have 3 A^ and .*• A, and .*. sin Aor x. 

2**. For the case «^— y« — y=0, we have 

cos 3 i<=4j. cos^ii— -3 cos A, 

3 jR* R* 

"'-cos^A — — T-. cos^ — -7-. COS 3^=0, which by comparison 

gives us cos Aor xj as before. 



159 

4. Several interesting exemplifications of the utility of Trigono- 
metrical ibnnuIflB may be founa in the details that have been pub- 
lished of the Trigonometrical surveys ; although indeed these de- 
tails are more valuable as exemplifications of ttke jn-actical than of 
the merely Theoretical parts of our science. 

1^. From the observed angular distance of two objects not in 
the horizon of the observer, it is requisite to be able to compute 
the angular distance pf tbe same objects referred to this horizon. 

Jjtt AOB (Fig* 21.) be the observed ansle, then this angle on 
the plane of the horizon, viz. aob^\% equsi to the angle Z at the 
zenith ; but the angle Z may be found from knowing ZA^ZB^ and 
ABy b]^ any one oftbe formulas in the First Case of oblique sphe- 
rical triangles. — Vide page 51. 

2?* Any one of these formulae is sufficiently short for the pur- 
poses of a single observation; still when several hundred such are 
to be comput^, it is necessary to be furnished with an expeditipus 
formula for the purpose. 

Let the observed angle s: a, and tlie angle required 9 (a+.') ; 
then 

^ cos a — sin/B. ein^y 

cos (a+o?) = 2 

^ ' ' cos /8. cos y 

where /8 and y denote the altitudes of the statipns; now since 
fi and y are in general very small, we may write 

sin |3. sin r=:/3y, cos /B. cos y = 1 — -^ — -^j rejecting the fourth asd 
higher powefs of /3 aud y. Hence we have 

cos(a+«)=(l+i^»+|y») cosa— /B.y; 

but 

cos (a+') = cos a-^x. sin a, 

rejecting second and higher powers of x, 

^y— i(/^*+y*)* cos a 
sma 
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Put i (ift + y)r=j7, J(/B — y)=r5r, and we have under a simpler 
form, 

(1— cos a\ /I + cos a\ 
"inr^;-?'V"ih^y =p».tania-^. cot fa. 

This is the formula for the purpose that has been given by 
Legendre, Mem, Acad. 1787, page 354?. — Trigonometry^ pag^ 352, 
Brewster^s Translation. Delambre has given a series for a:, with 
the first term of which the above expression nearly agrees. — Con^ 
noissance des Terns, 1793. 

Legendre remarks, that where fi and y amount to more than 
two or three degrees, it would be better to make use of the general 
method. 

3^ If all the angles be thus reduced to horizontal angles, they 
become angles of a spherical triangle on the surface of the sphaere; 
as such, the sum of the three > 180°. If we had then any Theo- 
retical means of ascertaining this excess, we could thereby judge 
of the accuracy of observation. The Theorem of Albert Girard, 
demonstrated at page (36) of this treatise, has been very elegantly 
applied to this purpose by General Roy, in the Phil. Trans, for 
1790. His rule is as follows : — 

" From the logarithm of the area of the triangle, taken as a plane 
<^ne in feet, subtract the constant logarithm 9.3267737, and the re^ 
tnainder is thelogarithm of the excess above 180° in seconds, nearly.** 

This rule we shall proceed to investigate. By Albert Girard's 
Theorem, proved in page S6, we have 

X=r» (^ + 5+C— 180°)=n (^+J5+C— 180°) 

if il, B, C, and 180° be taken in the circle whose radius is r; /• 
denoting the excess by f, we have 



or in seconds, 



180. s 



180. 60. 60 



X 
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now on the earth's sur&ce, 1^ (taking a mean measurement) cor- 
responds to (60859.1) X 6 feet; Uierefore since an arc ( ^radius)=r 

860 360 

2^, we have the earth's radius in feet = ^^ X (60859.1 ) X 6. 

Hence the excess in seconds 

2ir' 60X60 2ir. 10 

=* X ^^•X^rTTT^TS^TTTTxTSX. 



^ '^ 360^^6* X (68859.1)*""*- 86 X (60859.1)* 
/• log. excess, 

=log. x—[2 (log. 6 + l(^. 60859.1)— log. 2ir. lo} 
=log. JT— 9.3267737. 

Having in this manner examined the accuracy of observation, 
and corrected accordingly, the next business is to calculate the 
triangles by the rules of spherical Trigonometry. Thus it was 
that Boscovich proceeded, but this method does not give its re- 
sults very expeditiously. Legendre has remedied this incon- 
venience, by combining sufficient exactness with conciseness, in 
the following Theorem : — 

** A spherical triangle being proposed, of which the sides are stnaU 
compared ivith the radius of the sphere^ if from each of the angles one-- 
third of the excess of the sum of its three angles above two ri^ angles 
be subtracted^ the angles so diminished may be taken for the angles of 
a rectilinear triangle, the sides of nohich are equal in length to those of 
the proposed spherical triangle" 

To determine this correction we have 

cos a— cos b» cos c 



cos -4=: • 



sin & sin c 



Let ity fiy y, be the arcs in a circle whose radius is r, that cor- 

M fi */ 

respond to a, ft, c, then a = "-;,6=-:, £?=-;; introducing these va- 
lues in seiies (3) and (4), page 104, and substituting from these 
series in cos Ay we obtain 
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COti<= _ 2r» "^ 2.3.4..r^~4r^ 



r» \* 2.3.r»/ 
multiplying the numerator and denominator of die fraction by r*^ 
and multiplying by 1 + ^ ^ ^, instead of dividing by 1 — ^ 3 V»^ 
we have, neglecting such terms as are divided by powers above 

^"" 2^y +2.S.4.Ayr» 4/8y.r»+ S.*./Byr» 

/S>-f y*_i* <,4^^4,|,y4_g^>yS*_2i»* y»— 2/8*y* 

~ 2^y "*" 2.3.4.(9y.r* 

By making - = the angle A becomes the angle opposite the 

side « in the rectilinear triangle, of which «s A y^ are the sides* 
Let us denote the angle in this state by A'^ then we have 

and hence 

. * ^, 2 «* /8*+2 «* y* +2 ^» v^_#4_^4_y4 
smM' = — j^p-^ . 

Substituting these values in the expression above given for cos A^ 
we have 

/S y. sin* J^ 

cos ilSCOS il' a a ^ * 

2. 3. r* 
But the area of the rectilinear triangle 

/8 y. sin -4' 

= — 2 — ' 

•*' if « be put to denote this area, we have 



COS Azzcos A 
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4. sin A^ 



Sr» 



Hence we can obtain, to quantities of the order -4, nearly, 






By similar reasoning we obtain 



5=5' + 3^. 



^=^^ + 37^' 



but 

•\ the Theorem as announced is true. 



The substance of this proof is to be found in Lagrange's Memoir> 
Journal de TEcole Polytechnique, Vol. II. page 270. 

The triangles solved according to the preceding methods are 
spherical triangles, and an arc of the meridian if computed from 
such would be an arc of a great circle. These methods, however, 
are not practically necessary, as Delambre, the most accurate of 
computists, and Colonel Mudge, in the Survey of 1803, have re- 
solved triangles, not as spherical, but as rectilinear triangles, and 
accordingly do not consider the arc of the meridian as a curve, 
but as formed of the chords of curves. The oblique angles are 
first to be reduced to horizontal angles, as in the preceding me- 
thods, and then from the spherical angle's so determined, we have 
to find the angles of the chords. For this purpose the following 
seems the most simple mode of proceeding. 

In (Fig. 22.) let B AC be the angle of the chords ; complete the 
arcs A By AC into semicircles, and join Aa; from the centre D 
draw Dbi Dc parallel respectively to AB^ AC; then the angle 
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hDc ( =:arc bc)^ angle BAC; and the arcs Ca^Ma^ are obvioittlyf 
bisected* We have theu 

cos £c=:cos ba» cos ac+siu ba, sin ac. cos^ac ; 

but ba^ coj are complements to the halves of the arcs AB^ AC; 
and the angle bac=z the spherical angle At .'. we have 

AC AB AC AB 
cos J3^C=sin ^g-. sin — g- +cos -^. cos -5-. cos A. 

The test of accuracy, according to this method of proceeding, isy 
that the sum of the three angles of the chords found Jffom . the 
spherical angles ought to be equal to 180°. The calcuktion is 
then effected by the rules of plane Trigonometry, and an arc of the 
meridian determined by this means is composed of the sides of an 
irregular polygon. 

Thus we see there are three methods in all: — either accurate com- 
putation by the rules of spherical Trigonometry; approximate 
computation by the same ; or computation by the rules of plane 
Trigonometry. Delambre computed by all three the whole series 
of triangles from Dunkirk to Barcelona. 

5. We might introduce a great variety of instances from plain 
Astronomy, as in this science particularly, Trigonometry is of most 
essential and indispensable use. We shall, however, restrict our- 
selves to the detail of a few of the mathematical difficulties of thi& 
interestmg science. 

1. Reqtiired to investigate a formula for the apparent nwtion of a. 
planet as seen from the earth. 

Taking the case of the inferior planet in (Fig. 23.)* Supp^iiiM 
the planet to have moved from P to P, and the earth from T toT 
^ the same time, then the whole apparent motion of the planet as 
seen from T, is the sum or difference of the angles PTP and 
rPr. Letting fall Po^ Tn, perpendiculars on PT, TP^ re- 

spectively, the angle PTPsp^, and TPT--p^. Let TT^ 
PP} the velocities of the earth and planet, be denoted by the chft« 
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nd^tn Vf t/; the angles STP, SPT^ by • and i"; STj SP, by 
r and r^ respectively ; and TP by d. Tben the apparent mcytion 

^ ^ ». cos idbrt/. cos •' 



d 

but 

V ^r'* . TLf^^* Vk cosfifct;. ^ n cos / 

This expression becoming negative denotes that the planet is 
retrograde. And the planet is stationary when '^?Tcosi=^r.cost'. 
From this equation, and the equation r. sint=r'. sinf', we have, 
when the planet is stationary, 

the same as Dr. Brinkle/s expression, page 299. 



2. Mequired to compute an earpression for the parallav in altitude p, 
in terms of the horizontal parallax P, and true zenith distance D. 

We have obviously sin^rssinP- sin {D+p); hence 

sin P. sin D 
**"?=l-fiiaP.co8Z)' 

by series (6)« page 106, we have 

, ^ sin P. sin Z> , sin^P. sin^Z) 

j>=:tanp-^. tan3p+&c,= ^_^^p^ cosD - ^(i-6in P. cos />)^- <-^^' 

but 

sin P. sin D 
1 flin J^ c og5^"°^* sin2)+sin*P.sinZ).cos2)-|-sin^P. sinD.cos^Z) 

and 
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sin'P. sin^D . , „ . , .^ 

(l-8mP.co8 2))3 ='»°'^- '»«»'^+8w- 

Hence, coUectiDg the terms, we have 

p = sinP, sin Z> + 8in*P. sm D. cos £)+ f ^ — j. srn'P 

=sin D. sin P+ J sin 22). sin»P+^. sin 3 Z). sin^P, 

which it is evident is but a part of a series obeying the same law. 
— Vide Woodhouse's Astronomy, Vol. I. page 324 ;— Brinkley, 
page 319, Appendix. 



3. To investigate a formula for the reduction of the ecliptic to the 

equator. 

Let ^ be the sun's right ascension, and L the sun's longitude, 
then the equation is to investigate a series for L — A. We have 

., tanZr — tan^ 

tan(// — ^)=5 , , . p-T '^\ 

^ 1 + tan L. tan A 

but by Napier's rules, denoting the obliquity of the ecliptic by tv, 
we have 

tan A = cos w. tan Z. 

Hence we have 

tanZ(l— costp) 
^(^— ^)=l + cosw.tan»i' 

but 

8in2X 
^^^ = 2:^I^L'' 

.•.tan(Zr — A) = 

sin2Z. (1— cos to) sin2Z* (1— -co sto) 

2 cos*Zr+2 COS73P. sin*i "" 2 — 2 sin*Z/ (1— -cos w) 
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sin 2 L. {I — coste) . 

^ 1 +costo + (1—2 sin*Z/). (1 — cos w) * 

1 COSW JW 

or since T-TTTITI =tan*^=^*, we have 
1+cosw 2 ' 

/*.sin2Z. . 

whence, by series (6), page 106, 

^*sin2Z ^<^. sin^ 2 Z 

-^~^""l+/^cos2i ^'(i+t^cos2Ly' +«c.; 

or treating ihe terms as in the preceding question, we find 
Lf—Azne. sin 2 L—^ t\ sin 4? i+^ ^^. sin 6 i— &c. 

This series is arrived at by a most laboured process in Wood- 
house's Astronomy, Vol. I. page 501. The series may be written 
as follows ; since sin 2^^= 2. sin l'', &c. we have 

w sin 2 Z, tt? sin 4? Z ^ 

^^=^^'7^' IhTl^-tan^g. inr25-+^- 



4. Required an investigation of the equations of the solar Theory* 

In (Fig. 24.) the time t of moving from the perihelion B to the 
point P, is to the periodic time P, as the area BEB to the area 
of the ellipse ; or by the properties of the conic sections, as the 
area D EB to the area of the circle, 

P P P 

/. t = ^. {DCB—D CE) ^-^^2, {a*u—ac. sin w) = ~ {u—e. sinu) 

hence, if we put 2^=jjj we have i 

i 
nt IS u — e. sinu {a) 
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The quantity u i& called the eccaitric anomaly^ and ni the mead 
anomaly; the next ot^ect is to investigate, an equation connecting 
the eccentric with the true anomaly, wnich we shall denote by the 
character v. For this purpose we shall investigate and equate two 
values of the radius vector r. 

By the properties of the conic sections, we have in terms of the 
true anomaly, 

r- 1 + e cos i> ^ ' 

Again we have 

ft* 

— ^ — J = c*. sin^u ; 

but 

DE*—D T^znc*. sin*tf, /. D T=zEP^ 
but 

2>T=a-^. cos ttssfl(l — ^costt), /• r=za» (1 — ^costt) (c) 

Equating {b) and {c% we have 

(1 — ^)=(l+e. cos v). (1 — e. costt), 
whence 

COStt — ^ 



— -sicosw; 
' cos u 



but 



t, /l-cosp /( l+g).(l-cosu) yi+^t^« (d) 
^2=^ l+^3ri;=^ (l-e).{l+cosi.)-^ l-#-^2 ^^^ 

The equations s^ jbr founds amdytically r^esolve the problem ; 

Y ' 
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but it is necessary to be able to express v in terms of nt direcdy. 
This operation cannot be performed without the aid of the 
Theorems of Laplace and Lagrange. 

These Theorems, from their very great power and generality in 
the developement of functions, we shall accordingly introduce for 
their own sakes, and exemplify in the resolution of the problem 
at present before us* We snail commence with the general 
Theorem of Laplace, and then deduce as a particular case of it, 
that first arrived at by Lagrange. 

The object is to turn into a series, ascending by the powers off, 
the very general function m= 4^ (v), where ^ is a function of the 
independant variables, expressed Dy the equation,y=JP(a-f ^C^) )» 
where JFand f are characteristics of any ^ven functions. 

By the series of M^ Laurin, 

•'=^ + ~5r"- T + ~rf^* T:2 + ""dP~- 1.2.3. + 

it being understood that in these several di£ coefF. x=0. 

The difficulty now remaining is to introduce for the diff. coeff. 
on the hypothesis oSx being the variable; equivalents for them that 
will involve differential coeff. on the hypothesis that a is the 
variable. 

Differentiating the second equation on the separate hyp. of x 
and a being vanable, we have 

This is tme, for 

dy sPia + «f (y)) X A (a + «.f (^) ), 
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where the character d denotes the coitiplete differential in both 
casesy but the complete diff. = sum of partial diff. 



and 



dy-£.dx+£.da, 



but of course the partial differentials are separately equal, and by 
whkt is here said, they have the same co-efficient if any. The 
same reasoning accounts for ^ (y) being the same in both. 



Eliminating F^(a+xf{y) ), we find 
dy dy. 



tt or 4" Cy) being merely a function of tff we have on the same dis- 
tinct hypothe 



du dy du dy du dy du dy 

di- ^ (i^)- dh^ Si =^ (J')- Ta^ •'• Tx JarTa dx' 

but 

dy , ^ dy du ^ ^du 

3%M is a XHxhieJbr ihejirst differential co-effidenJt. 

Differentiate this value, supposing f {y). £ sti', it being a funo- 
tion of ^, then 

di// 

d*u d^vi J^y* . 

rf«* '^dxda'" da 

but 
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to in consequence off/ being a function of 3/, we have 

dvf d^J^^ ^y 
dx da^ da dx 

dy V 
and substituting its value for j^ we have 

rft^_ dv^ 
dx ^^ la* 

where «=♦ (y). Writing then in the second value of -^, this its 

dti' ^ dvf . . du 

yOm for -^j and then for j^ its value «v^, we obtam 

27li5 M a Doluefar the second diff. coeff. 
Differentiating this equation relative to x again^ 



du 

da 

dx^'^ dx^da 



d^u ^*-^-5i 



making «*• -j- s^"' ^^^ changing the order of tiie operation^ 
we find 

d^u ^' dx 
d^ ^ da* * 

but we have also 



as before^ and 
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dx ^*- da' 



-, ^du 
did' , ^ . ^ '"^ tfg 



7i4w it the value of the third d^. coeff: 

And in general if 

du 

dj^^'^ dS^ * 
we can prove it true of the next succeeding. For making 

du d»tt"—(»-^ 

(n~l) designating not a power, but the number of aooent» that u 
carries, we find 



55* ^ dx. da*^ "■ da""^ dx 



and because of 

d* "* * da * da 

we have 

£f*.M aa 



da:* da* 



r«-l 



Thus we have proved that if the law of differential coeff. be true 
of the (n— 1)** it is true of the n\ but it is true of the first, second, 
third, &c. and •*• of every co-efficient. - Putting all together, we 
have 
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''^+**<fa*T+ da •1.2+ cia» ' 1.S.S' 



da ** 



(0 



^'-'"'da 



17 denoting what ti becomes whenxsO, The same supposition 
is (tf course to be made on jfs:F{a+xf {y) \ which gives 



J^=^(«>»Sl=^(«)»&^ 



du 
as values to be used in x or ^ (y)» and in j^ 

This Theorem is due to M. Laplace, who gives a demonstra- 
tion of it difiering but little from the above. — Vide Mee. Cal 
torn. L page 170 ; — ^Lacroix Cakid. Diff. torn. I. page 279. 

In the particular case where ysza+x 9 (^), we have 

du 
X and ^ become respectively ^ (a)» ^ {a) and ^ (a), consequent^ 

u arranged according to the powers of x will become 



X d. •*' {a) (o)* «* 



<?^.4^(fl)»(g)* 



(2) 



der-* 1. 2 n 

If«sl, wehsve 

and the series become* 



I €L-i/ (a) 9 fa)* 
+ (J^)=4' («)+ *' («) ♦ («) + 1:2 —' da 



* I 



This last form of the series is that which M. Lagrange arrived 
at by induction from the roots of Algebraic equations. — Vide 
Note xi, Theorie des equations Numeriques. 

As the introduction of these Theorems has been, at least in a 
secondary sense, with a view to shewing the utility of formulse, a 
more elegant and appropriate illustration of them cannot possibly 
be afPordeid than is given by Laplace himself in his application to 
the solar Theory. 

First) from the equation n/=5t^—^ sin t/, where n/ and u are 
the mean and eccentric anomalies, and e the eccentricity; let us 
seek the developement of t< in a series ascending by the powers 
of e. We have u^nt+e. sin «» to find u. This is an instance of 
the second of the preceding series in which u^y, •*• we have 

..V •. X ,,/ V . ^ d.U'{nt).An^nt] , 

e^ ^y,'(nt).Bm^nt] e^ d^{^'(nt). sin^nt] 

rmr* ^ n^d^ +1.2.3. *• 7?d? + *^- 

But as 4'(tt)=«9 we have 

^. nt = 1, 

•*. this series becomes 

^ 1 rf. fcosSn^ — 1} 
u=znt^e.imnt-Y^^^ --^^ 

e^ JL« d* [si" 3 n^ — 3. sin nt] 
1.2.3*2** n*de' • + 

g^ 1 d3{cos 4 nt— 4. cos 2 nt + 3} 
1.2.3.4' 2J* n-^dt^ + 
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^ \ d^fdn 5 w^ — 5 sin 8 n^ + 10, sin nt\ 

1.2. 8. 4. 5- 2^* S^^?^ *''• 

These reductions are instantly obvious from Chap. II. Part I. page 
18, of this treatise. 

Performing the diflTerentiations denoted by the character d^ and 
dividing by the differentials ndt^ «* dt*^ &c. wc obtain the follow- 



ing senes 

w=s«f + tfsinn^ + j;^* 2sin2n/ + 
^— g-j-gl* {8\8in3w^ — 3. sin«^] + 

1.2. 3! 4. 2^ f*^-sin4w^+4.23. sinSn/] + 
" - 4 {S*. sin Bnt-^S. 3^ sin 3 n/+ 10. sin w^J +&c. 

This series, in consequence of the smallness of the quantity ^9 
is very cMivergent for the planets. We may obtain r from the 
equation 

r=:o(l — e cosu% 

in which r is the radius vector of the planet's orbit, since u is known 
from series {A). Or apriorif as follows. 

We have 

4* (tt) = 1 — ^ cos tt, 

or using for u its value in terms of nty we have 

d. (4* {nt + e. sin u) ) 
'^(nt+e. sin «) = — e. cos % .'. j^ = — e. sm «, 

•*• supposing e = O5 we have 

4/(n/) = e. sin«^, 
hence we have 
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1 — e COS 2/ = 1 — ^cosn^ + e*. sin*n/ + j-^, ndt "*" 
OTs* n*dt* + *^* 

Differentiatiiig as required, and introducing the expressions for 
the powers of the sine, we have 



-=1 + -rr — c. cos n^ — TT* COS 2 ni 
a ^ 2 2 



^3 

~ ^ g g g3 {4*. COS 4 «/ — i?. 2*. cos 2 71^] 
— J 2 3 4 2^ «-^^' *^^® ^ w^— 5. 3'. cos 3 n/+ 10 cos nt\ 

" 1.2.3,4.5 2^ ^^^* cos 6n/— 6.4^ cos 4 n/+15.2*. cos 2ni\ 
&c. &c. 8lc . 



(fi) 



It remains co discover the vsJue of the true in terms of the mean 
anomaly. We have from the solar Theory, 

tan it;=v -Zf. tan^tt; 

using for tan \v, tan^i/, their exponential values given in page 
105 of this work, we have 






or 



putting ^= ^_^v^_^ > we hav^ 



.'V 
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1— Ai-^=>; 






or taking the logarithms, we have 

/(l_Ar-V^i)_/.(l_A. .-V^). 
w=«+ ^7=^ 

Expanding the numerator of the fractional part in two logarithmic 
series, subtracting those series, and using the sine for its exponential 
value, we have 

©=M+2x. sinw + "^» sin2w+— r-•sln3M+ 
2x* . 2x5 /(^ 
— T— . sin 4tt+— ^. sin 5 «<+&c. 

As our object is to obtain ^a series for v in terms of the sines of 
n t and its multiples, and arranged so as to involve powers of e to 
a known extent, we have to expand x, and to substitute for u^ 
sin f/, &c« from series {A). 

V* 1 

Take ^=2 — ---, then let us proceed to find rj- by series (3). 

We have 
and ' 






^ ('^)=— 7» •'• ^ ^"^^ = F' "^^^ (''^ = —2^1* ^ («) = — "2 ' 



patting all which together, we find 

yi-2» + 2*-«^«* 1+ 1.2 ' 2»-*'*+ 1.2.3 * 2*^ 



^> 



now since y has been assumed for 1 + ^1 — ^, we have 



X* == — 
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•••'^•=i={i+«.(2) +-i-r'{2) + 1.2.3 -y •<^'=-5 

Having supposed in this series n successively 1, 2, 3, &c. let us 
introduce the values so found for x^ a^, a^, &c. into series (C), let 
us substitute for sinii, sin 2uy sin St/, &c. their values in terms of 
Uy and then replace u by its value had from series {A)y and we 
obtain the following series, 

+tVV. e^] sin 2 n/+ {^. ^5— 1| e^] sin 3 7i/+&c. 3 

The angles v and »/ are here understood to be counted from the 
perihelion ; but if we wish to count from the aphelion, we need 
only make e negative in the preceding expressions for r and v» 

On this subject, see Laplace Mem, Acad. 1777, and Mec. Celeste^ 
page 170, &c. Vol. I. ; Lagrange Theorie des Fonctions Anal, page 
101 J &c. 

Woodhouse applies the Theorem of Lagrange to deduce ex« 
pressions for the shie and cosine of a multiple arc, which expres- 
sions, he remarks, admit of no simple proofs. 

6. We shall now proceed to exemplify the utility of our science 
by some few applications of it to the integral calculus. 

To integrate the differential expressions dz. cos z. sin z. dz ; cos^« ; 
dz. sin^z ; dz. sin mz. sin nz\ dz. sin mz. cos nz. 

1**. Pdz. cosz, sin z=zl /^d.2z. sin2«= — ^. cos 22:4- constant. 

2^^ dz cos'« = fdz. (J. cos 3 « + f cos z) ss ^-j . sin 3 z + 
|. sin ;;+ constant. 

3^ /rf2. sin^« :=.rdz. (—J sin 32+| sin z) =s 5-7 . cos 3 « — 
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These integrations may be applied to the general forms 

/co8*«. dz; 1 8in";r. dz^ 

bv means of the series that have been given in Articles 2d and SO 
ofChap. IIL Partll. 

4^ fdz. sin mz. sin nz^^ i dz (cos (m — ^ n) « — cos (m + ffj «) 
sin Im — n) z sin {m + n)z , 

5^ /aa;. sin mz. cos »« =: kfdz (sin (m + ») « + sin (w -^ «) 2) 

cos (« + n) « cos {m — n) « 
= Q /^-^-^^ TTTZ — TT" + constant 

__ . dz dz dz.cosz 

To integrate the differential expressions ^^; ^^; "^fj^f 

dz. sin 2 £{2; 

..i..^-^— .^ I ■> 

cos 2 ' sinis.eos2r 

<;gz ^ egg, sin z ^ — d. cosz ^ £ 1 

' sin « "" 1 — cos*« " 1 — co8*«; "" 'll+cos*"*" 

l_cos«5''-^^*'^' 



/► dz /^"^ 

g^=— Jlog.(l+co8«)+ilog.(l— cos«)=:log.V — 



1-*C0S! 



.-COS» 

=Iog. tan i «+ constant 



2°. For z, using ^— «, we have 



/^dz ^ ^ \i y , ^/l+sin* , /«■ 2\ 



sm 
constant. 
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^ f*dz.co&z 
^ */ — m — ^ ^' ®^^ * '^ constant 

/dz. sinz 
= — Jofir. cos« + constant 
cos z ^ 

5^. Adding together the two last integrals, we have 

/dz 
"' = loff. tan z + constant 
Sm Z. cos Z ^ ^ wxaow»i*u 

Tojind the value of the expression sinu. /^O. cos ». dv ^ cos v. 
jn sin V. dv^ *mhere dzzLco^mv. 

sin vJQ. cosr. dt;=sint?. \j{cos{m'-{-l).v.dV'\<08{m — l)v.dv)=: 

sin V, sin {m — 1 ) v sint?. sin (m*—!)!; 
2.(w+l) + 2.(w— 1) +^' 

where C=:0, if we take the integral cjrpher when w=0. 

Again, 
cosv.J^Ci sinr. £?t;=cosu* iy*(sin(m+ 1)» — sin(w — l)vdv) = 
cos V. cos (»i — 1) V cos v. cos {m+l)v 

— 2. (w-1) 2:t^+iT~+ ^ • *=°' "' 

and taking the integral from the same limit, 

III*— 1 

/. adding the two expressions, we find the value required 
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— cos mv cosmv cosp co8 v coBmv 
^2.(m— l)"*"2.(»i+l)+»i*^l'=m»^~»i*— r 

Clairaut Theorie de la lune, page 9. 

Required the value qfjdz. cos mz. cos nx. cos pz. 

cos wx. cos n«. co&pz = } {cos (m — n) z + cos {m + n) 2} . cospz: 
i[cos(i7i — n — ^)« + cos(m — n+p)«] + 
\. {cos(i»-f-« — />)2 + cos(»i + n +p)z\. 

Hence the integral is obvious. 
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APPENDIX. 



1. Any number, a, being assumed, and any other number, b^ 
then b may be considered as a power of a: — e. g. if a =2, and. 
6=8, then a^,=& Retaining the number a, and adopting some 
third number, c, this may be considered as some power of a ; for 
instamcei if a=2, and c=zl6, then a^zzc; and in general any num- 
ber, ^, may be expressed as a power of a by the equation ^=a*. 

2. In such an equation the index a: is called the logarithm oiy, 
and the fixed number a is called the base of the system. Hence 
the logarithm of a number may be defined, ^* the exponent of 
the power to which it is necessary to raise some fixed base, that it 
may be equal to the number." 

3. The base a may have any value but unity. Napier, the in- 
ventor of logarithms, used as a base 2.71828182, &c. which was af- 
terwards changed by Briggs'for the base 10. The reasons and 
comparative advantages of both shall be explained. 

4. The advantages derived from the invention of Ic^arithms 
are many and important. The primary and more obvious benefita 
that they confer on science, by abridging numerical calculations, 
are suggested by the following properties : — 

1°. The logarithm of a product is the sum qf the logarithms of its 
factors. 
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Let a' = j/, a*' = y , a"' = y, &c. then 
•*• by the definition of logarithms, ^+^+^'9 &c« ^^ ^e logarithm 

ofj^.y.y, &c. 

2°. 7%^ logarithm of a quote is the differefice of the logarithms of 
the dividend and divisor. 

Let of =^, a''=y> then 

«'^'=3^-^y, 
*\ x^^af is the logarithm of ^ -f- y. 

S^ 7%^ logarithm of an wf^ power is m ^m^s M^ logarithm of the 
root. 

I^t a' zi ^, then 

.*. »i.r is the logarithm ofy». 

4®. 7%e logarithm of an m^ roo^ w ^A^ m^ part of the logarithm 
of the po^ooer. 



Let a'r: V, then 



« 1 
^w s: y, .\ &C. 



Henee it may be seen how, if knowing the numbers^ we knew 
their logarithms, and vice versa i complex multiplications and di- 
vismis might be performed bj additions and sobtractiDns; imd 
involutions and evolutions by multiplications and divisioiis. 

5. Logarithms are defined by Brtggs, ^^ The eguidifftrerU com- 
panions of proportional numbers.^* 
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Let a* =rj/, o^'sy, «*" =y' ; then if y : j/ \\j/ :y', we have 

.'. J?, 4/, a:", are equidifierent They were called logarithms by 
Napier, because being taken equidifferent they exhibit numbers in 
the same ratio. Arithmetica logarithmka ab Adriano Vlacq. p. 1. 

6. The inte^al part of a lo^rithm shews the order of units the 
number of which it is the logarithm ranks with. E* g, — Supposing 
the base 10, if the integral part be 0, 1, % &c. the number is ac- 
cordingly between 1 and 10, between 10 and 100, between 100 
1000, &c. respectively. The integral part part is called the cha-- 
racteristiCf and has in it as many units as there are digits in the 
number minus one. 

7. The logarithm of a number, and the logarithm of the pro- 
duct of that number by the m^ power of the base, have the same 
decimal part 

Let y =s of' ^f then 

1/. dT" zz a'^'^f r, 

/• they differ only in the characteristic. 

8. The logarithms of proper fractions are negative, being the 
difference of the logarithms of the numerator and denominator. 
To find the fraction to which, a given negative logarithm corres* 
ponds : — " Subtract the negative logarithm, without any regard to 
Its sign, from the log. of 10*", viz. m; find the number that cor- 
responds to this difference, and in it move the decimal point m 
places to the left.'' 

m 
Let "^ be the fraction, then 

m _ 10"* 1 
10~ 



but 



2a 
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,10- , n 

&nd /. vice versa the number to which this latter log. corresponds 

. 10^ . , m 

is T^> which, to give the true fraction ---, must be divided by 

10*. 

9. A fractional logarithm may be written wholly negative or 
wholly positive, or partly negative and partly positive. 

Wholhr. negative, if considered as the difierence of the loga- 
rithms of the numerator and denominator. 

If to the decimal of this there be added unity, and unity sub- 
tracted from the characteristic, it will be negative as to the charac- 
teristic, and positive as to the decimal. 

And this is rendered wholly positive, by writing for the charac- 
teristic what it wants of 10, and compejuftating for this by a sub- 
sequent subtraction of 10. 

As an example of all three methods, the logarithm of 
/^= 1.87506—2.00000=— 0.12494. 

The objection to this method is, that the number found in the 
tables to answer such a logarithm must be considered the deno- 
minator of a fraction whose numerator is unity, and thus we are 
encumbered with fractions, not decimal fractions. 

In 4,he second method, 

log- Tjk=^— ^ + 1—0.12^96 -1.S7 506. 

The objection to this method is, that the negative sign is still 
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retained, and there is danger of confusion in the contrary ope- 
rations of addition of decimals and subtraction of characteristics. 

In the third method, 

log- tVtt = 9.87506. 

This is the method most usually adopted, and the safety of it 
consists in this, that the result it gives is 10'^ times too ffreat, and 
/• cannot possibly but be allowed for. In the addition then of the 
logarithms of decimal fractions, the tens must be all rejected, as 
many as there are decimals, if it can be done without making the . 
result negative, if not, one must be retained, and this one of course 
attended to in the final result. 

10. .There exists between logarithms of different systems an in- 
variable ratio. 

liCt a* zizyzzA^y then 

X. la sz Xf 

:. X = 1-. X, the same for every value of y. The qiKmtity r- ir 
called the modulus of the new system relative to the old. 

11. Nothing has as yet been said on the solution of the equation 
y=a*. If a:=0, y=l, and for values of x above cypher^ in- 
creases; when X becomes negative,^ becomes fractional, and as i/ 
becomes small, x increases negatively ad inf. Hence when i/ be- 
comes 0, X is infinite, though negative. From this it appears, 
that it is impossible to expand j: in a series ascending by the positive 
powers of y, for the supposition ofy=0 would destroy the series, 
whereas x then becomes infinite. Such is not the case, however,, 
with log. (l+^r), for wheny=0, xsslog. 1=0. 

Assume then 

l{l+M)^My+Ni/*+Py'+&c {J) 

Z (1 +j^)*=2. / (1 +i/)=2 itfy+2 ^y +2 Py +&C. 

But by the general form {A% we have 
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/. (1 +2if+yn=^M. {9y+2/*)+N(!2i/+y^)*+&c. 
=2 My+(M+4 N)y^+(^ N+S F)y^ +&c. 

Equating the co-efficients of like powers of jr in the two expan-* 
sions of /(l+^)'9 we have 

,^ _ M ^ M ^ M ^ 

MzzM; Nzz — j; P=* j; Q- — j; &c. 

.% we have 

l. (1 +y)-M. fy-ii^+iy'— }y+8cc.} (a) 

In this series the value of Jlf is still indeterminate ; let y=:(a — 1 )* 
then we have 

/. (1 +a—l)=zlzzM. {(a— i)—* (a— 1)»+| (a_i)3_&c-} (b) 



From this series we can obtain M^ and thus the developement 
of /(1+y) becomes completely determined. 

The quantity M has an immediate relation to a, so that dif- 
ferent systems of logarithms may be formed by arbitrarily adopt- 
ing either M or a, and determining the other, by equation (b) or 
some such. ' 

If Jlf = ], the system will be chat adopted by Napier. The 
logarithms of this system are commonly called natural or hyperbolic 
logarithms: for the hyperbolic areas between the Asymptotes, 
which in ^neral are represented by logarithms in any system, be- 
long in this case to the most remarkable and simplest of hyperbolae, 
viz. the equilateral. 

12. Ify <or=l, series (a) is convergent, but otherwise it be- 
comes divergent, and /• unfit for the computation of logarithms. 
To remedy this inconvenience we must have recourse to trans- 
formations. 

If y < 0, the series (a) becomes 



1^1 

Trom series (c) and (a), by subtraction, we have 

l+y 
From thifi, using z for t — -| we have 

"-^•je?i)+*c-^)+iC-fT)'+-} <-> 

IS* If in series (c) we make^=l, we have 

1{0)SZ 00 , 

which shews that negative numbers can have no logarithms, for all 
the positive numbers from o to oo engage as logarithms all die real 
numbers from — oo to + co. 

14. If in series {d) we midce r — ^=a, we have 

This is a more convergent series for finding M than series (&)• 

15. Knowing log. n, if we wish to find that of {n+dn)i dn being 
a small change on n^ we can obtain from {d) a very convergent 
series for the purpose. 

- n-^dn ^ . ^ 1+V . 

Let — ^ be written for rzT^ then 

dn 
Awe have 
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This very convergent series may be adapted to numbers < n, 
by taking dt^ negative. Cagnoli claims this series as his own,, and 
giYes him^lf no small degree of credit for the discovery, though it 
IS but another form of the series (d) or (e), which were known long 
before, as they were deduced by Newton and Gregory from the 
hyperbola, and afterwards by Halley from the composition of 
ratios. 

The series {g) may be exemplified in finding the logasithms of 
101 and 99. If a = 10, the value of M from series (/) is 

0.4342944'8 1 90325 &c. 
and /• firom series {g) 

log. (101)=2^ + 2 M {y^ + i (jfr)H &C.I 
log. 99=2 - 2 JIf. {^iif + i (t^)'+ M 

16. If for_y in series (a) we use {"^y — 1), we have 

This series can be made convergent sine limited by taking m suf- 
ficiently large, for thus ^^1/ can be made to differ from unity by 
a quantity < any assignable. We should select m some number 

in the series 2, 4, 8 2*, that we may have only r^eated ex« 

tractions of square roots to perform, and we can always so contrive 
it^ that the first term of the series should give a sulScietitly near, 
value. Briggs stumbled on this method, but has explained in no 
satisfactory way whence its accuracy proceeded. As an instance 
of the method, we shall take one afibrded by Briggs himself. He 
found it particularly necessary, for a reason to be mentioned here- 
after, to be able to compute the Napierian logarithm of 10. For 
this purpose he extracted, fifty-four times in order, the square 
root of 10, and thus obtained a value for C^V — 1)> whose first 
fifteen decimals were cyphers. Hence in ("^^—1)* the first 80 
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or 31 decimals were necessarify cyphers; and/. should even m 
have 20 integer digits in its composition, the quantity -^ (*" ^y—l )* 

would still have the eleven first decimals cyphers, and /. the eleven 
first decimals of the value ody, obtained from the first term of the 
series, uninjured by the rejection o{(^^y — ;!)*. And indeed 2** 
has only 17 digits in its composition. 

Series (A) is due to Lagrange. — ^Vide Cak. des Fonct. page 8S. 
It would be worth while to compare this beautiful series, and 
Lagrange's manner of arriving at it, with the clumsy account given 
by Briggs of the first term of it in the sixth chapter of the Loga^ 
rithmica Artthmetica. It would be difficult to find a more striking 
instance of the superiority of modem analysis. 

!?• Lagrange has moreover deduced another, in which all the 
terms are positive, and that simply by changing the sign of m^ for 



:-«v];_i)=^(i_4=); 



by introducing this in series {c\ and observing that Itpi — iw./."^\y, 
we find 

./j^«.lf.^(i-4=)+|.(i-^)*+i.(i-i^) +} (0 

All the terms in this bdng additive, 

/j/>mJlf.(l-^; 

but in series (A), since the second term is ^eater than the third, 
the second and third combined give a negative result; so do fdso 
the fourth and fifth, &c., .*. ly < mM. T^y— 1). 

18. Hence we have two limits to the value pf /y; take the dif- 
ference of those limits and it comes out 



mM. 
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Thitdifierenoe^ by taking m sufficiently larffe^ can be made < any 
assignable quantity ; and /• aforticrU tne viuue of ly^ obtained from 
tfie £urst term of series (A) or {i\ differing from the true value by 
a quantity < any assignable. 

19. Any or all of the preceding series give the logs, for Napier's 
system, by merely supposing JUT = 1. 

20. If,y=:10 and Ms], then /y is4fae log. of Briggs' base in 
Napier's system. Denoting Briggs* base by a, and marking with 
a trait the logs, of Napier^s system, we have 

'' /'a=wi.(*^5-4l), . 

.*. we have 

21. It shall be shewn further on^ that M (the co-efficient of 
Napier's logs, to giSre those of any other system) is the log. of 
Napier's base in the new system. 

Let e denote Napier's base, then in the systems of Briggs and 
Napier, we have 

22. In series (£?), if v= 1, one side* of the equation becomes in- 
finite, and the other the series 1 +7+7+&C. ad ir^. .*. the sum of 
this series is infinite. 

23. By series (c) we have 

in which, using - for (I— ^y), we have 
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Should z become infinite iii this series, V ^rsi^'z is also infinite f 
tfnd the series becomes, 

— {l + J + f+&c.} 

•*• the sum of this series, commonly called the harmonic series, k 
infinite.* 

A very important consequence mav be deduced from this, viz. 
that every series, the terms of which decrease more rapidly than 
those of the harmonic series, must necessarily have a limit ; for 

V(z) being a finite quantity as long as ;? is not infinite, it is neces- 

«— 1 /«— 1 \* 
sary that the series of fractions — — Hi. y"^ ) .^c. wbi/ch fopo^ 

a convergent series must have a limit, however near to unity be 
z — 1 

the fraction --r"» 
z 

24. Exceedingly convergent series for the computadon of lo- 



* The following method of proving that the harmonic series is 
infinite, has been suggested by a friend. 

Lpt jS=3 1 + J -fi &c. dividing by 2, we have 



subtracting this from the former, 

2 = l+i + i + &c. 

S 
again, subtriEK^ting these values of ^, we find 

an absurdity that o^i QS^ypa reconoled by sv^posiog S infinite^ 
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iritbms of the successive numbers, may be formed from those 
ere given. Some of these we shall accordingly proceed to in- 
troduce. 

In series {e) let z= ^ : , then 

/«=2/a: — /(a?— 1)— /(^+ 1), 

/./.(^+l)=2/^-/(^-l)-2Jlf.{^^^+^^ }(1) 

This formula is very convergent, for if ^= 1000, it proceeds ac- 
cording to the odd powers of 1999999 * 

, , . , ^^—3 Jr+2 (^—1)*. {x+2\ , 

In the same series, let 2=^3_3 ^_q-^a!+\)\ (^-=2)' ^^^^ 

l{x + 2) +2l{x—\)—2l{x + 1) — /(^ — 2) = 2Jfer. ^ 

This formula, due to Borda, was one of the first of its kind. 
Others have since been formed that converge still faster ; as for 
instance, that of M. Haros, in which z in formula (e) is replaced 
by 

^^—25. a?* +144' 

and .*. 

z—l 72 



«+l-af*— 25^*+72* 

The factors of the numerator of z are or*, x — Sj x+5, and of the. 
denominator x — 3, or +3, x — 4, j:+4; whence we can find the 
logarithm of x + 5, by the logarithms of six preceding num- 
bers, and the series 

2^' [ ^^2l%+12 +^<^ } 
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It is obvious that series still more convergent may be formed by 
taking fractional functions of an higher degree, to substitute for z, 
and the choice of such is only subject to the following conditions : — 
To jfind two equations which^ not differing except in their last termi 
should have co/nmensttrable and integer roots, 

^5. Amongst the many series for logarithms that have been given, 
we have not as yet met with one that proceeds according to the 
powers of the number. It is evident that such a series cannot be 
found proceeding exclusively by the positive powers of the num- 
ber, for when the number vanishes, the series would be restricted 
to its first term which should /. be infinite ; nor by the negative, 
for then the same thing would happen where the number became 
infinite. We m^y, however, obtain a series that will proceed at 
the same time by both the positive and negative powers. 

c u^ v} ") 

/. {1+M) = 3f ^M_-2+^— &c. ^ 

Subtracting these series, the difference of the left hand members 
is lUf /. 

This remarkable series is due to Lagrange. We have had some 
remarkable consequences from it in Chap. II. Part II. relative to 
circular functions. 

26. An approximate value for the logarithm of a number may be 
obtained as follows in a continued fraction. 

Let a'=^, then x can easily be seen to be some number between 
n and »+!> let then jp=« + --7 ; substituting thi$ value in the 
equation, we find 

whence 
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or , 



Operating on this equation, as on the proposed* we shall find that 
af is comprised between n' and n'+l, whence 



^ = n'+^r 



By continuing this operation we shall find 



n"+J_ 

n"'+&c. 

As an example of this method, let 2* = 6, then j: > 2 < S, put- 
ting « s 2 -{- p, we find, using it for x in the given equation^ 

(I)"-- 

Hence 

a^> 1 <2; 

let then y =b 1 •(- r:^ and we obtain from the second equation 

VS/ ~2' 

Hence 

«">1<2; 

let then «"sl + yvt o°d there results from the third equation 
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U/ =3' 

Hence 

j/'' > 2 < 3 &c. 

ColTecting the results obtained, we have 

1 

a:=:2+ j 

2+37 



27« Applyui^ the ordinary process of converting a series into a 
continued miction^ any one of the series that have been given may 
be exhibited in this form. For instance, series (d) so treated gives 
us 

1+ar 1 

' 1 — ^""1 1_ 

x 3 4 

*~7~16 



^ 9 25 



X 11 

-T— &c. 



28. We have as yet said nothing of the developement of the num- 
ber in terms of the logeridim, or in otbsr words,, of expressing 
a* in a series ascending by the powers of x» For this let 

a'^ k + kic + Ix* + mx^ + nx^ + &c. (I) 

Squaring both sides of this equation, and arranging according to 
the powers of x, 
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+2A/.3 +2kl ) +2kmy 
+2hn) 
And from series (O9 by using ^stor x 

These two developements of a** must be identical, .'. the co- 
efficients of like powers of x must be equal. Hence we obtain a 
series of equations, 

A»=A, 2A*=2*, A^+2A/=4/, 2hm+2kl=:Sm, Sac. 

from which 

k^ k^ 

// = 1, *=*, l=Y^9 m = Y7273' *^- 



/. we have 



lex k^ ar* P ^-3 



The co-efficient k remains still to be determined. Using for 
a, (1+ft), we have 



,.^,=,+f.,+±fci).^+^if=|.fc9.,.+^ 



;c. (0 



which, if arranged according to the powers of x, would give as the 
co-efficient of its first power, 

of series («). But 
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. (a— 1)» „ 1 



by series (i), /. 



Thus by series (/) we have the law of the coefficients, and by 
(0 the value of the first co*efficient. 

If in series (/) we use M for «, we shall have 



1 1 

1.2 + K2.3" 



a^=i+r^+r9-«+8^- 



Supposing then AT = 1, we have 

a :=! e 
(then the base of Napier's system), .'. 

^=1 +Y+i7^+&c-=2.7182818 
the result obtained by adding the first ten terms. 

Since a^^e^ we have, in ani) ystem, 

le 



in the system qfBriggs^ 
in the system of Napier^ 



^^Ta 



M = le; 



Ms.-/; 

la 



•'. we have three forms for of, viz. 
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«' = ' + (j7)-f+C7)'-li+*«- (") 

a* = 1 + (/' a). j+{l' a)*. ^+&c («) 

«'=i + (fe)+(fi)*-r5+«'«- (") 

29. In the system of Napier, series {I) becomes 
i+i72 

If« be negative, 



€« = 1 +f+,-^+&c. ip) 



X X* x^ 



Adding these two series, we have 



2 -^ +1,2+1.2.S.4+*^ 



Subtracting, we have 



2 -* + 1. 2.8+1. 2. S. 4.5+*^- 



We have already, in pages 105 and 1S5, seen the valuable and 
important consequences deducible from these forms. 

30. Since xla = la* , series (m) may ,be written 
. /la^\ /la*\* I . 

and series (n) and (o) may of course be sunilarly transformed* 
Hence from series (»), by using n for a', we have 
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Changing n in this series into ^'» we find 

*-• = 1 +nx {Vx)+^^. {V *)»+&c. (0 

From series (i) we have again 

a?" == 1 +m. V JF+i m». (? a:)H&c, 
y^ = 1 +w, /' r+i wi*. (/'r)* + &c. 

whence we have the following curious developement 

^— ^=— ^-j ^ + g + &c. (w) 

31. It may not be inappropriate to introduce here the series that 
have been given by L^endre for the solution of the tiiird case of 
plane triangles. 

We have 

sin £ h sin £ h. sin C 



sin (J3+C)""a* * * cos B'^a—b. cos C 

Introducing for the sines and cosines their imaginary values given 
in page 105, we have 



wh^ice 






2c 
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Taking the logarithms of each member, and expanding the two 
parts of the second member by formula (c), we shall hare 

of, 

-B=-. sin C+ ^-i. sin 2 C + r— j. sin 3 C+&C. 

0> ACL , o CL 

A similar series holds for A. 

With respect to the third side c, we have 

c»=:a»_2a5 cos C+ft*=(a— i. e^*^^^) \a—b. <?-^^^^). 
Taking the logarithms of each member, 
llc^laJ^^. .c^=l_^. ^<'^=-^-^r ^<^V=n_&^ 
+la-l. r-c^=-^-^. ^"^^-^3. ^''*/--&c 

whence we shall have 

b b* b^ 

Iczsla — -. cos C— g-j. cos 2 C — gp. cos 3 C — &c* 

32. With respect to the systems of Briggs and Napier, it may be 
remarked that the latter (like circular functions to radius unity) 
has the advantage as long as we have to do with mere theory, and 
the use of symbolical language. When we descend to actual 
computation and the deduction of practical results, the system of 
Briggs is superior. The chief advantage is, that /• ^ being known, 
we have that of / 10*" X ^Z" by simply adding m ; and such numbers 
as are formed by multiplying ^by powers of 10 are obvious on 
inspection, hence the logs, of all such may be omitted in the 
tables. It is true that I. S^ X JV, supposing 3 the base, is also found 
from that of N, by adding m, but such numbers are not obvious 
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on inspection ; the logs. .% of such numbers cannot be safely omit- 
ted in the tables. This circumstance arises from the fact that the 
radix of our numeral scale is 10: Woodhouse seems to be the 
first that noticed this advantage. We shall now proceed to give 
some short account of the tables. 

In the tables of Vlacq the logarithms of all numbers up to 
500000 are set down in their order to seven places of decioials, and 
there is a column of differences by which we can find the loga- 
rithm of any number between n and n+l; suppose n. nf by the 
proportion 1 : .« : : rf : c? X .w, which gives the difference that cor- 
responds to the decimal ,n. These tables, however, from their 
immense size, are inconvenient for ordinary use. 

33. In the tables of Hutton and Sherwin the logarithms of numbers 
consisting of five places are actually set down, and there is a co- 
lumn of proportional parts near the margin of each page for find- 
ing the logarithms of higher numbers. We shall shew how such 
parts may be found. 

Let the number be N^ and ft the number formed of the five first 
digits, then 

Nzz l(f.n+yy 

where ^ is a number consisting of x digits, 

/. N:=zh(W.n+y):=zL 10*. «+/. (l+Y^T-J 



.*• the correction 



but 



.'. the correction 



=rl.W.n+M.r^^q.V 



=M^ 



lO'.w* 



M 
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y 



10* 



(/.(»+ l)—/.n> 



^^. It is also necessary to have a rule for finding the number cor- 
xesponding to a logarithm, not exactly to be found in the tables. 

Let L be the proposed log,» /, l\ (one greater, and the other less 
than Vu the logs, of the n and »-f-l. Let ^ be the number 
sought, then 

L N=: I. (n+x)=:l+M. ^ nearly, 

••*- M 
Again, 

M 

Jtf . L—l. 
.*. I — Z 5s -^ ; .*. 0? ss ^, ^ 9 

and .'• N is found. 

We have thus giv^ probably a sufficient detail of the theory 
of logarithms; as tor the practice of them the reader will find it ne- 
cessary to refer to the tables and the instructions prefixed thereto. 

35. We shall next proceed to give some account of the mode of 
computing the numerical ratio of the perimeter of a circle to its 
diameter, and of finding the actual values of Trigonometrical lines 
both natural and logarithmic. 

We have, page 107, arrived at the series for ^ in terms of 
sin Af viz. 

• J ^^^^^ S.sin^^ 3. 5......(2n— 1). sin^"-*-* 

*^"^+1.2.3+2.4.5 +•••••*••• 2.4.6...2w(2n+l) 
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in which, if we put ^=30^, and multiply the result obtained by 6, 
we may obtain the semi circumference to radius unity with any de- 
gree of exactness. 

This computation has actually been made to 127 places of de- 
cimals. However, as a sufficiently near value, we may take 
1 80°= JB (3,141592). 

Knowing the numerical value of 180° in parts of the radius, we 
of course can find the values of all other arcs. 

The series for A in terms of tan A may also be used to compute 
the values of arcs of a circle, but the convergence is much too 
slow unless the tangent be very small. In order to find series for 

small tangents, from which to find ^, let A be an arc of a known 

small tangent ; letT='»*^ — ^ then 2 is the arc, the expression 

for which in terms of its tangent, is to be subtracted from the ex- 
pression for mAin terms of the tangent of A. To find tan z, if 
we know tan m A^ we have 

tan mA — 1 

but tan ffl^ can be found by knowing tan A. 
Let, for instance, tan -4= J, and wi=4, then 

tan 2 J = 3^, and tan 4 ^ =r |f§, 

.*. tan «5=5^» •*•!=* times the arc whose tangent —\ — arc whose 
tangent s 7^. This is Machin's formula. 

Hence, 

Iim—1, and tan As:^, then 
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tan 2;=—^, :.2-^+^* 



4 
or by the series 




This is the expression of Euler, Fide Anal. inf. p. 107* Vol. I. 

Machin's was published before Euler*s, and is far more con- 
vergent. Though Machin was remarkable for having computed 
to 100 places of decimals the circumference of a circle which Leu- 
dolph Van Ceulen had computed to 35> still his formula lay for a 
long time unnoticed. 

The series for the arc in terms of the sine, as well as those of the 
sine and cosine in terms of the arc, were first given by Newton in 
his analysis per Eq. Num. term inf. Vide page 22, Editio Casti- 
lionei, Vol. I. ; that for the arc in terms of the tangent is due to 
Gregory. 

• Newton's modes of deducing the above series are well worth at- 
tending to, as containing the germ of a very important point in 
analysis, viz. the rectification of curves, and conversely finding the 
lines by means of which this rectification is performed. He en- 
titles the former, inventio logitudinum curvarum, and the latter, in- 
ventio basis ex data longitudine curvce. 



Newton gives a series for the arc of a quadrant, the chord being 
supposed unity, viz. 1+^ — ^ — i+^-j-^— &c. the computation of 
a quadrant by this series would be, he says, the work of 1000 
years to 20 places of decimals, for it would require 5000000000 
terms of the series to be computed. He says it would be still 
worse to compute by Gregorjr's series, and .*. recommends to com- 
pute by his own series in terms of the sine. He afterwards, how- 
ever, recommends to compute the arc 30**, from Gregory's series. 
— Vide Newt. Opnsafla^ page 345, tom. I. 
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Eoler has shewn how numberiess formulae similar to those al- 
ready given for computing by the tangent may be found, Vide Nov. 
Com* ^cad. Petrop. torn ix. In Peacock's excellent collection of 
examples on the calculus, it is shewn how this problem depends 

upon assuming a. tan-^ ^ + «' ^^"^T' "*" °'" ^^"^ "p* ^^* ^ ^» ^^ 
determining o, a\ a"j &c. so that ^, ^f ^'» &c. be integers* 

36. The computation of Trigonometrical lines in parts of tlie 
radius may be effected to a great extent, by the simple formulas that 
have been given in Chap. ft. Part I. of this work. 



From the formula cos^ =: ^i(l + cos 2^), we have (be- 
ginning with 2-4 = 60°, whose cosine is J), the cosines of the 

60 60 60 ^ ^, 
series of arcs ~o > "T j "S"* &c. Ihus we can contmue to an arc 

the sub-multiple of 60° next to T, and find its cosine, and •% its 
sine, and thence on the principle that small arcs are as their sines, 
we may compute sin r. 

Other formulae might be used, viz. 

sin^ = \ ^1 +sin2if — i ^1— sin2^j 

in which we can begin with using for 2 Ay any arc of a known sine, 
for instance 30°, whose sine = i, or 60 whose sine = — • 

By the formulae for sines, cosines, &c. of double arcs, triple arcs, 
sums and differences of arcs, this calculation can be promoted so 
as to include almost every arc in the quadrant. 

37. Geometry may be called in to our aid, for instance, the side of 
a regular decagon in a circle, or 2. sin 18% is the greater segment 
of the radius cut in extreme and mean ratio, /• 

sin 18°=_5Z±» 



and thus we have the series of all arcs formed by dividing 18° by 
the successive powers of 2. 
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In like nMinner the s^piare of the side of a regular pentagon in 
a circle s sum of squares of sides of the regular hexagon and deca* 
goti in the same. This may be better used as a Theorem of Yeri- 
fication) to try whether the sines of 18^ and 36^ have been rightly 
computed. 

38. A very elegant set of formulsB of verification may be deduced 
from a Theorem which the reader will find geometrically and ana- 
lytically demonstrated in the first chapter of the second part of this 
work, vide page 8S. In the case of the pentagon using the halves 
of the chords, and expressing the Theorem in Trigonometrical 
language, we have 

sin (S6*'+^)+sin (72^— ^)=sin (72*'+^)+sin (36^— ^+sin^. 

This is the formula given by Euler, Anal. Inf. but which he ob- 
tains in a very different manner. Legendre gives precisely the 
same, using for A^ 90— ^f; his /. is 

r 
sin (90'^— ^Hsin ( lV+^)+sin ( 1 8°—- rf) = sin {54^''+ A) + (54*»— J) 

and Woodhouse verifies it by substituting numerical values for 
the cos of 36° and 72°. The reader can form as many others as 
he pleases from the Theorem above alluded to. 

Particular values of A must be used, and thus we can try the ac- 
curacy of any set of tables by trying whether the values of the sine 
they give be such as to satisfy the formula. 

As we can ascertain the value of any arc in parts of the radius, 
we can always find the values of sines, cosines, tangents, &c. from 
the series that have been given in Chap. II. Part IL 



The reader will find no difSculty in demonstrating the following 
formula which has been given by M. Delambre : 

sin ( J+ 1 °) = 2 sin J— sin {A—Vy-4. sin*30'. sin A. 

Knowing the sines of arcs up to A, this is an exceedingly con- 
venient formula for continuing the operation, as we have seen al- 
ready how we might compute the sine of 30^ 
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The best mode of computing the numerical values of tangents 
is, to compute the sines and cosines, and divide the former by the 
latter. 

Tables constructed with the numerical results obtained in the 
preceding manner, are called Ti^gonometrical tables in natural 
numbets. 

39. We shall next proceed to shew how logarithmic values may 
be obtained. From the values in natural numbers, we may find the 
logarithmic values, if we seek those values only to seven places of 
decimals. We can, however, easily compute them by independant 
methods. ;By the differential calculus we have 

<L L sin A:=^dA. cot A:=:dAA --2 — — — -j-— — gee r . 

by series (4?), page 109, Integrating, and using the modulus My 
we have 

i A^ A^ "> 

log.sin^ = log. ^— M. |2^+2r-3l75+&c- J ^^^ 

Similar formulae might be obtained for the logarithmic values of 
the cosine, tangent, &c. a,s follows : 

log.co8^=-itf|-2- + g;^+&c. } (2) 

. log.tan^±rlog.^4--M.[^|^^+&c. } (3) 

V 

These three series are due to Cagnoli. — Trig, page 86. He 
would prefer, however, to find the logs, of the values in natural 
numbers, if our object were to form tables. 

The series that have been given for sines, cosines, &c. in 
Chap. II. Part II. are peculiarly fitted for this purpose, as they 
are adapted to logarithmic computation. 

2d 
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Hence we have for calculating the logarithmic values of ones 
the following formula : 

log. fun J. l^lag.w+l.'^+L (l-^*)+&c. 



Similar formulas can be easily deduced for the other Trigono- 
metrical lines. 



90$ 



NOTES. 



Page 5. Allowing, as we do, Euler^s objection to the criterion, 
of sign that we have adopted, it may be asked why we have adopted 
it in preference to that of Cagnoli: — for two reasons, 1^ Not to 
introduce the principles of a new science ; and 2^ Because the ex« 
ceptions of Euler do not occur in the Elements of our Theory. 

Page 7. It may be necessary also to convert English degrees 
into French. For this we have 

n = -y-=n'. (Mill, &c.) 
or forming a small table. 



1^ IMll, &c. 

1' nil, &c. 

I" lMlJ,&c. 



Englkh. 
10**, 



French. 

.IIMJI, &c, 

10' ir.iii, &c. 

10" llMll, &C. 



Pa^e 54. The methods of finding the third side c may be more 
dearfy stated as follows : 



In the eiqpression for cos c ; writing 1—2; sin*| C, and 2 cos* g— 1 



2(H 

for cos C; and 1 — 2 sin*^ c, and 2 C0B*i c — 1 for cos c, we obtain 
in all four formulae. 

(1) sin* i c=sinH {a — ft)+8in a, sin b. sin*! C. 

(2) cos*i c=cos*i (a— i) — sin a. sin^. sin*i C 

(3) sin*^ c=sin*A {a+b) — sin a. sin b. cos*f C 

(4) cos*ic=cos*| («+A)+sina. sin 6. cos*i C 

Any or all of which the reader will find no di£Sculty in adapting to 
logarithmic computation by means of an auxiliary arc. 

Page 68. It may be necessary, in order to complete the solution 
of plane and spherical triangles, to say something respecting the 
relations between the corresponding variations of the angles arid 
sides of triangles; as on the knowledge of these depends in a great 
measure the selection of conditions most favourable to accuracy of 
result The first attempt of this kind was made by Roger Cotes, 
in a tract entitled, * .^timatio errorum in mixta mathesi ;' and the 
subject has since formed a part of almosit every treatise on Trigo* 
nometry. 

In order to facilitate th6 solutions of the different cases, we shall 
prefix the values of the differential co^effkients of sin x, cos x^ &c. 

d. sin X d, coso: . d. tan x 

-^;;- = cosx; -gj-=-^mx; -^j-ssec**; 

d.^ecx tanx rf. cosecj: cotjr iZ.cot^ 



dx cos X ' dx sec x ' dx 



= — cosec*x. 



Example 1. 
From an error on ^4 in a r. -<^ d plane a, find the error on a. 

dA 2 a. dA 2a.dA 

az=b. am A, :. da = b. ^^^=2. sin A. cos A=lh^2A' 

Hence da is least when sin 2 ^ is greatest, viz. when A^4!5^. 
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Example 2. 

In a right angled spherical triangle A is invariable, required the 
ratio of the Variations of c and b. 

By Napier's rules cos ^4= tan 6. cot r. Differentiating which, 
we find 

dh sin 26 , 
dc ~" sin 2 c 

Example 4. 

In the same let c be invariable, required the ratio of the varia- 
tions of a and b. 

We have cos c=: cos a. cos b. Differentiating, we have 

da 

T? = — toA bv cot a. 

Example 4. 

If c vary in an oblique angled spherical triangle, required the 
corresponding variation in A. 

Since cos A, sin &. sin c= cos a— cos b, cos r, we obtain by diff. 

-T^zzcot A. cote — cot b. cosec A* . 

This shews us bow, in the method of finding the time by equal 
altitudes, to find the error firom an error on the polar distance. 

Example 5. 

If fl vary, required the variation in A. 

Differentiating the above equation, cpnsidering A and a variable^ 
we have 



whence 
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sin 6. sinr 



dA 1 

<2a ■" sin b. sin C* 



This solves the astronomical Question — *^ Gfven the error in alti- 
tude or zenith distance, to find the error in time." 

It would be easy to enlarge extensively on this subject, but^it 
would be rather inconsistent with an elementary treatise to do so. 
We trust the few examples that we have given sufficiently explain 
this part of our subject. 

Page 79. From what has been stated in this Chapter, the reader 
will fmd no difficulty in summing the following series : 

cos J=±=2^. cos 2 i4+ S"*. cos 3 Az±=lx,c. ad inf. 

sin -4=±=2*". sin 2 A+S^. sin ^Addkc. ad inf. ' 

m being a positive integer. 

l:±:2»'+3«'=i=4'« &c. ad inf. 

cos fT=±:xj + cos yiz±z2sj -{-cos (jdtzna ) 

cos ^+i» cos 2 '^4'7* ^^^ S A ad inf. 
sin ^+|. sin 2 -rf+|. sin SA ad inf. 

Page 83. This elegant Theorem which we have seen to com- 
prise all the formulae of verification that have been given for finding 
the numerical values of Trigonometrical lines, admits of a Geo* 
metrical demonstration, as follows : 

Let the several subtenses of one, two, three, &c. arcs be called 

in their order s^, s", s^^' 5"; then we have by Cor. (4), 

Prop. 16. Book VI. Elr. the following Theorems : ' 
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Attending to the £Eu;t tliat 5*^=5^, we can instantly perceive 
that the right hand members of these sets of equations are equal, 
so /• must the left, hence we have 

(/+(/" + €'' ......C» =:c" + c»^+C^* (f^\ 

Page 101> Art 1. By the theory of quadratic equations if 
M=^+px4-gr, and if ^^ x", be the values of x that fulfill the 
equation j?*-f-P'^+?— ^> ^^^ 

u=:{x — a/).{x — a!"); 

hence if «=cos*^+sin*^, from the equation cos*^+sin*-4=0, we 
have 

cos il =: =S= ^ — 1- sin 4 /. u ss (cos A + ^ — 1. sin A), 

(cos A — ^ — 1. sin A)*, 

Page 101, Art 2. Hence we have the following beautiful and 
general Theorem : 

(cos A =t ^^^. sin A), (cos B dtz ^HT. sin B). 
(cos C=±: ^^^. sin C). &c. 

=cos {A+B+C+&,c.)dtzV'^h sin (^+5+C'+&c.) 

Page 104, Line 12. This line may be better expressed as fol- 
lows : 

" Using ~ for A, and takuig the series (1) and (2) in their 
limits, we have, &c/' 
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Page 105, Art 7. The attentive reader may find reason to think 
not only this, but every attempt that has been made to extend 
De Moivre's Tlieorem to surd and imaginary values, Sallacious at 
bottom. It would be necessary for writers on the calculus to settle 
whether any meaning can be attached to the differentiation of a 
sine or cosine of a surd or imaginary arc. 

Page 107. Series (7) is the only one, the obtaining of which is 
easier by the calculus than by the methods we have given. By 
the integral calculus we have it as follows : , 

^ . d. fsin A . ^ . , .» , 

cos^ ^ ' 

=z d. sin -4. [ 1 + i. sin*^ +\. f . sin*.rf + &c.] 
Integrating, we obtain 

{sin^-4 sin^^ 7 

sm^+J.— 3-+i|.-n5~+&c. J, 

The constant = since the arc and sine begin together. 

Page 130, Line 7. The author suspected some latent fallacy in 
the method here proposed for Ending cos"x, by adding the two 

developements f .JT -| — j and f — h-^^J . This was the cause of 

his preferring the method of Lagrange. That the suspicion was 
justly entertained will appear from the exposure of the fallacy: by 
the ingenious M. Poisson, which the reader will find in Lacroix 
Calc, Diff. torn. III. page 605, or in the 2d vol. of the Correspond 
dance sur VEcole Polytechnique* 

Page 132, Art. 31. Let us seek the developement of sin (<r+^), 
in a series ascending by the powers of //, by the Theorem of 
Taylor. 

Let w' = sin (j?+A), then ^ 



du d*u . d^u 

di=c<>«^> 5F=— ^''^'^^■d^3 = -cos^,&c. 



wo have 
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un (« + A)=:8in«+cos«. t— «mx. .— g —cos « i o a +&c» 

(+C08*. (a-j^+Y:5;|:j^-&c. ) 3 
ssin X. cos A+cos ;r. sin k. 

This is another sophistical foundation for a system pf Trigonb- 

metry. 

Paffe 156. The method here given of determining the angle of 
the (£ord8 has been adopted at the suggestion of a firiend* It is 
to be found in a note to an American edition of Hutton's 



Page 189, Art 27. The method of converting a series iato a 
continued fraction^ the reader will find in Gamier Analyse Alge- 
brigue^ page 26. 



THE END. 
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